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PREFACE 


In this book are reproduced the six public lectures which I 
delivered at the Calcutta University in 1925. The Appendices A and 
B are intended to add to the usefulness of the book as an introduction 
to the theory of elliptic functions and higher transcendentals, and it is 
earnestly hoped that the publication of this book may popularise the 
study of elliptic functions among advanced students of Higher Mathe- 


matics. 


[take this opportunity to express my gratitude to my colleague, 
Dr. Bibhutibhusan Datta, who read all the proof-sheets and whose 
angroudging help has considerably improved the printing of the book, 


CALCUTTA, ? Ganesh PRASAD. 


April 16, 1928. 
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FIRST LECTURE 


ELLIPTIC INTEGRALS. 


Colleagues, students and other gentlemen ! 


It isa source of great pleasare to me to find in this hall sucha 
large gathering of brilliant mathematical scholars. I hope and trust 
that my lectures will inspire some of them with enthusiasm for the 
subject of Elliptic Functions abont which, borrowing the words of one 
of the greatest living leaders of mathematical thought, I may say: 
“Notevena century has yet elapsed since the elliptic functions were 
first introduced in Mathematics. From that time on the theory has 
increased to such an extent that now-a-days scarcely any other field of 
Mathematics can offer such an abundance of formal results and such a 
wealth of applications to different branches of the exact sciences. 
Moreover, the prophetic divination of Euler has become a reality, the 
discovery of this theory has essentially extended the bounds of mathe- 
maticalanalysis. New fields have been opened for mathematical 
thought and the number of fundamental ideas with which Mathematics 
operates has been vastly increased. A careful analysis of these funda- 
mental ideas has formed the point of departure of a great number of 
investigations, the results of which form the peaks of our present day 
knowledge in Mathematics.” 


l. What we call an elliptic function may be briefly defined as the 
inverse function of an indefinite integral of the form 


fore, wde 


P 


where w is /Ao*+Be* A A and Bare not both zero, 
and R(«, 10) is any rational algebraic function of x and w. The integral 
is now called an elliptic integral, although in the writings of Legendre 


it is designated “ elliptic function.” 
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2. The early history of elliptic integrals may be said to date from 
1655 when Wallis considered the question of finding the length of an 
are of an ellipse. The example of Wallis was followed by a number of 
distinguished mathematicians, including Jacob Berpoulli, Johann Ber- 
noulli and Count Fagnano, who were led to elliptic integrals in connec- 
tion with the rectification of various curves. Fagnano (1682-1766) 
began his investigation in 1714 and his earliest published paper of the 
year 1715 contains a remarkably simple solution of the problem of the 
halving of the quadrant of a lemniscate which I proceed te give to you 
on acconnt of its historical.importance. Fagnano was justly proud of 
his solution and left instructions that on his grave a lemniscate should 
be shown inscribed in recognition of his achievement, 


Solution of Fagnano: 
Let (0° +y*)*=2a*(-*—y*) be the curve and let O be the origin 
and A be the other pointin which the quadrant cuts the axis of z. 


The problem is to find a point: T such that 
arc OT=are AT. 


Let ~ = V+, L = vi—2*. 
a n 
Then, if S corresponds to t=m, 


t=». 
a J . dt 
OS z% 2 “ec l—t? 





o yi 
Patting t= =. we have 
f dt le de aft — 
wma E eT 
19m 


Therefore, if M corresponds to t= — 


we have 
arc OS=are OA—are OM=are AM. 


l—m 
If m = fin” 
then M and S coincide, and we get the required point T, 
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3. The results of Fagnano's researches were collected and published 
by him in 1750 in his book entitled “ Produzioni Matematiche." The 
early history of elliptic integrals ends with 1750, If I were 
asked to give the gubsequent history of elliptic integrals and allied 
transtendentals in six words, T conld do no better than mention the 
names of L, Euler (1707-1783), A. M. Legendre (1752-1833), N. H. Abel 
(1802-1829), C. G. J. Jacobi (1804-1851), Riemann (1826-1866) and 
K. T. W. Weierstrass (1815-1897). 


4. Fagnano sent a copy of his book to the Royal Academy of 
Sciences of Berlin which forwarded it to Euler on the 23rd December, 
1751, for consideration and report. Jacobi called that day the birth day 


of elliptic fonctions. As early as 1698, Johann Bernoulli had noticed 


that 
f(e)dz+fly)dy=0 


had as an integral an algebraic relation between x, y even if 


frac 


was a logarithm or an inverse trigonometric fonction, and he had for- 
mulated the question whether that property might hold for other 
transcendentals than the logarithm and the inverse trigonometric 
functions. Fagnano was the first to prove that that property was 
found in at least certain classes of elliptic integrals. For example, 
Fagnano showed that the equation 


a + dy -> = 
Va+be' +c." Va+tby*+cy* 





was satisfied by an algebraic relation between r and y. The study of 
Fagnano's book encouraged Euler to study the subject of elliptic inte- 
grals and, on the 27th Jan., 1752, he came out with his first paper on 


ad ; 
the subject, which is on the integral f AS and relates to Fagnano’'s 


investigations on the lemniscate. Next year he gave the general inte- 
gral of the differential equation 
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(sea Nova Comm. Petropolitana, Vol. 6) in the form 
i= _yvi—e* +6 vi-y* i 
1l+c*y* 


= 
¢ being a constant, and was thus led to the addition theorem for 


f de r 
the integral —— 


— ** 
14 T de $ f — i dz 
— n h PET ‘ v“1—y* — —v 
then = is an algebraic symmetric function, of «and y, namely, 


— — F 
l+x*y* 


5. In the year 1767, Euler published the complete integral of the 
general equation 


where X>=Act+Be*+Cz*+De4+E and Y=Ay*+By* + Cy* + Dy+E. 


The following method is a modification by Euler of the elegant proce- 
dure given by Lagrange in 1768 (Misc. Taurinensia, Vol, 4). 


Take « and y to be functions of a variable ¢, then the above equation 
is equivalent to 


Put a+y=p, «—y=q; then 


** — * — yra (the dash denoting differentiation) 








=X +Y =p + Clety) +5 B(x" +y")+2A(2* +y"). 








ELLIPTIC INTEGRALS 5 
Now “P41 =X—-¥=(a—y) (D+ Cle+y)+ BO? +2y4+y") 
+ A(z+y)(2* +y’). 
s 
Therefore (1—y) ÄP —9P F=(2—y)*B+A(x+y)] 
d*p _dpdq_ os 
* I dt. di =q (4B + Ap) 





ie., P 1 AI S=B+2Ap 


fe, 2. (19?) =B+2Ap 
qdt 

d ({ ldp\"*_pdp d (p*) 
a.¢., dé q at =B tA di 

= l dp S a3? ' ; 

* =Bp+Ap’+constant (say F) 

VX- 

t.¢., (*) =Blet+y)+Alet+y)*+F. 


6. I propose to proceed to apply the above complete integral to 
determine the addition theorem for the function €( u), given by 


oD 
u= FE y ar pe 
, — 
4 —gys— Ta 


s=€@(u) 


ds ds 
C ‘Je — ——— =0. 
ob eae 46*—gyI— 9 1 Jats 9s 


Put A=0, B=4, C=0, D=—g,, E=—g,, in the complete integral 
of the preceding article. Therefore the complete integral of the above 
equation is 


Cat WY aay a A PE ae 5 
( 40°9—g,8—gy — ~ 49," —Gs8s 9s 


) 4640) =F 
5—6, 
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ds 
— = —du, for s being pnt @ (u); 
—~=Jyt—Gs Ji i ; 


Since Jip 


and similarly Vig tae — =—dU, for s, being put € (U); 
1 -E b | ` 


we have U+u=a constant, say a. 


Thus €(u)=s, €(a—u)=s,, 





Therefore ee * —4{@(u) +€(a—nu) }=F 
Now u= = — 
as yt oan £4 
@(u) — ` 


2h Ye Jo pfs 
Therefore a) att ( as + 4.5 ) +... | 
€(u) 
=1/V @\u)+lower powers of €(u) 
Therefore when u=0, @(u)=cœ. 


and €'(u) ~— — 5 f 


Therefore, writing (1) in the form 


[46° (u)—g, €(u)—g, +4€6*(a—u)—g, C(a—u) —g, 


—4{@(u) +8 (a—n)} {(@*/ uv) +E" (a—u)— 28m8 (a— u) } 


~2@'(ue'(a—u)]  _ 
hi tab iat T a 


4{@(u) + @fa—u)} (Ci u)@(a—u)~ 7} 2gs —28'(u)8' a—n) 


it., N E =F 


(1) 
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EN 
F €(a—u) — __ 2@'(u)@'(a—u) 
ee ee Rj- s -U 
= G a—u) TRA 
{1- (u) 


and taking the limit for «=O, we have 


F =4€(a). 


Therefore 


) @'(u) —@'(a—n) a ee ere 
tf Soc Bi u)— Gf )=€ a). 


Put a=wu+v, then we have the addition theorem 


'(u) —@"(v) 


— — @(u)—@(v). 


C(u +r) = 


7. Enler obtained the complete integral of the equation 


mds ndy 
— N 1—y* 





and showed that it was expressible as an algebraic function of r, y and 
an arbitrary constant. Thus Euler gave the fundamental ideas con- 
cerning the addition and multiplication of elliptic integrals of the first 
kind. 

8. I propose now to introduce to you the transformation theory. 


One method of solving the equation 


=t 


is to assume beforehand an algebraic relation between « and y and 
determine the coefficients in that relation so that the above equation 
may be satisfied. It is easy to see thata linear relation, leaving the 
trivial case of z=y, is impossible. Euler assumed the next relation in 
order of simplicity and put 


(av* + 2bo-+e)y* +2(a'e* +2b'e+e')y+a"e® +2he+°=0 
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and determined all the constants with the exception of one, which would 
be arbitrary, in order that the equation 


de dy 
Te agree - 


might be satisfied. This form of the complete integral was used by him 
to deduce the addition theorem : 


3 y 
dæ dy 
= ‘eee ee 


O 0 


mi dz 
/(1—2")(1— ke") 


O 
then the upper limit z is connected with z andy by the algebraic reln- 
tion 
— +y Ae) . 
1—k*«*y* 


9. Before mentioning the general transformation problem of 
Jacobi, 1 wish to give, on account of their historical importance, the 
transformations of Gauss and Landen, Acecording to Gauss, 


de a iy 
/(1—ptx*)il—g*e*) “(1—(Gp,)*y*JU—Ga)’y") 


when E = Figyi P’ =p+ /p*—q', di =p- “p*—q*’ 


according to Landen and Lagrange (Phil. Trans. 1771), the transforma- 


* — Ep 


de 
changes vO —pte*)( —q*s ) 
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“pq. 


10. gp tot S2 Fa," o F ant" 
0 Calling y ba +b, een + b=” 


where p; =} (p+q), q = 


a transformation of the mm” order, Jacobi showed that, by suitably 
choosing the constant coefficients, the transformation changes 


+ 6 se 
VA,+B,y+C,y*+D,y*+E,y* 





into 7 Ti eI 
V¥A+Bce+Cu* +D’ + Ez* 


white M is à cotistarit. It follows that two ttansformatiotia of orders 
mand m, are equivalent toa single transformation of order mm,, and 
that all transformations admit of being made up out of the trans- 
formation of the 2nd order and those transformations which correspond 
to prime numbers. Whilst Jacobi restricted himself to the consideration 
of a special type of relation between y and rz, Abel's transformation 
theory dealt with the solution of the more general case where ¢ and y 
fire connected by any algebraic relation, rational or irrational. 
If 

rae. ree eg ee. ees 

frases *a va *)(1—k* 0*) 


then the relation * between k and Lis called a modular equation 
and the relation between M and k is called a multiplicator equation, 


* The transformation problem for linear t-ansformations was first solved by 
Atel (Crelles Journal, Vole. 3 and 4) who gaveall the six solutions which nre 


(1) l= +k, y= +2, TETA grtt 


(2) t=), ye s?, ysti. aT tE 


an- (et) yo fee igi au sins ey 


— 144 


2 
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Denoting Jk by u and vi by v, the modular equations] for the 
transformations of the 3rd, Sth, 7th and !1th orders are respectively 


e* + Ipu’ —2eun—n* —0, 
p — u’ —4u0(1—ute* )—5utv*(ut*§—v*)=—0, 
v” — 8u" p? + 28u t v" — jGu "v? + 70u ot — 56u tv? -+ 2Bu tv? — Buy pu" =0, 
and 
pt ®— wè Tyn (Q2—S32u*) 4+ 440" n’ + 2209u( 1 +4u") + 16505 ut 
+ 132u? vo? + 440? v® (1 —u")—132u "p *—165v*n" —22u 9 v9 (44 0") 
— 440? n® —ur(S2—22u" )—u** =0. 


The multiplicator equation for the transformation of the 5th order is 
(Z—1)*—4(Z—1)* + 256k*(1—k* )(Z—1) + 256k" (1—k* ) =0, 


Z standing for S 
et- 


11. When Legendre took up in 1786 the consideration of the 
theory of elliptic functions, Euler's addition theorem and the trans- 
formation theorem of Landen and Lagrange were the two fundamental 
ideas which the theory then contained. After working for nearly 
forty years, Legendre collected his results in his famous book 
“ Traité des fonctions elliptiques et des intégrales eulériennes " (Paris, 
2 Vols. and three supplements, 1825-1828). Writing of Legendre’s 
achievement, in 1852, Dirichlet said, ‘ It is the unforgettable distinc- 
tion of Legendre to have recognised in the discoveries of Fagnano, 
Euler, Landen, and Lagrange the seed of an important branch of 
Analysis and to have built up on these foundations by the work of 
half a lifetime an independent theory which comprehends all integrals 
in which no other irrationality occurs than a square root and in which 
the variable does not go beyond the fourth power.” 


l= vk \* L+ /—k — —— 


— \ lak eae | 
(6) I= 1— i) == 1+ Jak — » 2M= till- v =k *. 
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12. Legendre first reduces the general elliptic integral to the 
two forms 





ao — — dz 
(A BFOs) VAr i (1+nz) Sf x," 


J (+) being the general polynomial of the fourth degree ; then he gets 
rid of the odd powers of æ from f (x) first by the use of the substitution 


— — *— — —2 
= (e= "a )(4—2,)? 


“s+ far fs, ©, being the four roots of fi .)=0, 


and secondly by the linear substitution 


Next he puts 





+D, sin? 
and then changes 
de 
Viz) 
iuto the form 
dep 


———— — —— 
V1l—e® sin'd’ 


leaving aside a constant multiplier, The final result of Legendre is, 
that the most general elliptic integral must reduce to one of the three 
canonical forms: 


$ dds $ —— —— 
| army) 


gare — 
(l +n sin") “1—c* sin’ 


These are called by him the normal integrals of the first, second and 
third kinds and are denoted respectively by F(c, 4). E(e, $) and 
T(n, c $). Legendre submitted each of the three kinds of integrals 





12 THEORY OF ELLIPTIC FUNCTIONS 


to a careful investigation and discovered many of its most important 
properties. According to Dirichlet, it was only on acconnt of his re- 
markable perseverance that Legendre made repeated efforts and over- 
came difficulties which in the then state of Analysis were almost 
insurmountable, 

13. An elliptic integral which reduces to an integral of rational 
functions is called a pseudo-elliptic integral and the question of the 
conditions under which such a reduction takes place is of interest. 
This question was considered by Abel (Crelfe's Journal, Vol. 1) with 
reference to integrals of the form 


Sede 
Po/R(c) * 


where f and R are polynomials in « and he proved that there exist par- 
ticular linear functions «—a for which 

(z—a)dez 

Sf Ric) 
is a pseudo-elliptic integral if the continaed fraction for “R(+) is 
periodic and the period shows symmetry.* 
Degenerate forms of the elliptic integral 


f dz 
V(a—a)(4—B)le—y)(«—8) 


are obtained when two of the quantities a, B, Yı ô are equal ; the integral 
becoming equal in that case to inverse circalar or hyperbolic functions, 


* Examples, 





ae +a “> at+anée /K 
(1) J ht dz= log x*+ar—/R 
where R = (2* 4ax)* + ex. 
Srta 1 at¢axrib+ VR ri +ax—b+ /R 
m [Ri oe tan t Sessa i 


whero k = (rtan 46)*—4ebz, 








SECOND LECTURE. 
THE OLD THEORY OF ELLIPTIC FUNCTIONS 


13. The old theory of elliptic functions was built ap chiefly by 
the labours of Abel and Jacobi and may be easily distinguished from 
the modern theory by the absence of the general ideas, based on the 
theory of functions of a complex variable, which we owe to Liouville, 
Riemann, Weierstrass and Mittag-Lefller and which are closely inter- 
woven in the fabric of the modern theory. But the old theory was 
an absolute departure from Legendre’s ideas and contained as its 
corner stones the study of the inverse function of the elliptic integral 
and the discovery of the double periodicity of, that function. Both 
these fundamental points were taken up by the rivals, Abel and 
Jacobi, independently of each other. 

14. Abel's work on the subject dates back to 1523. In a letter, 
which he wrote to his friend Holmboe on the 3rd August, 1823, Abel 
expressed the opinion that the right way to study the elliptic integral 
was to consider the inverse function. His researches on elliptic 
functions appeared mostly in the first five volumes of Crelle’s Journal 
beginning with 1826, and some in Astronomische Nachrichten. The 
most important results were published by Abel in his memoirs 
“ Recherches sur les fonctions elliptiques” ‘Crelle'’s Journal, Vols. 2 
and 3, 1827 and 1828) and “Précis d'une théorie des fonctions ellipti- 
ques” (Crelle’s Journal, Vol. 4, 1829). According to Koenigsberger, 
Abel was in possession of the principle of double periodicity as early 
as 1825. 

15. Jacobi’s first paper on the subject of elliptic functions dealt 
with the transformation problem and appeared in Sept., 1527 in the 
Astronomische Nachrichten with the title “ Extraits de deux lettres de 
M, Jacobi de l'Université de Kénigsburg a l'editeur.” 

The second paper appeared in the same journal in December, 1827 
and contained the symbols which became current later on, vis., am u=ġ, 
sin am u=z, cos am y= v ls", A amu = “1—k*«£", where 


* 44 de — 
= =} va~m hte") 
Oo g 
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In 1829, soon after the death of Abel, Jacobi published his famous 
book, “ Fundamenta Nova Theoriae Functionum Ellipticarum,”’ which 
contains in a very terse form the majority of the most essential results 
of the theory of elliptic functions as known to Jacobi. Jacobi's subse- 
quent researches on the subject appeared in Crelle's Journal and were 
intended to form a second part of the “ Fundamenta.” Jacobi left in 
his lectures a new foundation of the theory of elliptic functions, based 
on his theta-functions. 

16. Although Abel's researches did not receive in his life-time 
that appreciation which they deserved, in the very brief period of his 
existence he did work which would continue to receive the careful 
attention of mathematicians for centuries. According to Professor 
Mittag-Leffler, Weierstrass was a great admirer of Abel's work and 
found much inspiration from it in his investigations on elliptic and 
Abelian functions. As regards Jacobi, Dirichlet wrote as follows : 
“Jacobi's scientific career covered exactly a quarter of a century and 
therefore a much shorter period than the careers of most of the earlier 
mathematicians of the first rank. it was scarcely half the length of 
the time over which Euler's activities had stretched, although, with 
Euler, Jacobi hada great resemblance, not only because of his versati- 
lity and productivity but also because he had at every momen! at his 
finger’s ends all the mathematical resources.” 

17. After this historical introduction, I propose to give you first 
the elements of the theory. As 


. dd 
=| VICE sime 
o 





we have ġ=am u, — & = am (— t). 
Thus am {—u) = — am (u), 


and, consequently, 


sin am (—u) = — sin am (1), 
cos am (=t) = cos am (t), 
A am (=u) = A am (u); 


also it follows that sin am (0)=0, cosam (0)=1, A am ‘/0)=1. 
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* dtu 1 
F irthe — — — ———— 
verte mer: 7 VYi—k*sin'd ” 
3 dam u — — — 
EF — m =V l—k"sinam(u) =A am u. 
ddt 
— d sin am u 


— =cos AM ti. A am t, 


d cos am u 


* =—s1In am u. A am i, 
— = — k? sin am te cos am ti. 


Using the above results, we have the differential equation for 
sin am u:— 


d” — 
Tua ty A+k*)—2k*y*} =O, 
where y=sin am t. 


18. In 1838, Gudermann, a pupil of Jacobi, introduced the symbols 
sn, cn, and dn for sin am, cos am and A am. In what follows, I will use 
the symbols of Gudermann. But before proceeding to give you the 
addition-theorems for snu, cne and dnw, I will explain a few ways of 
geometrically representing these fanctions, 

(a) Take a circle of radius R and centre C, and take a point O 
inside it at a distance ô from C. Through O draw a chord POQ and 
mark on it a point p such that 


Op=l fe, l being a constant. 


Also let AB be the diameter of the circle through O. 
Then, denoting 


P 
“(ee Fo by n, 


where po is tho intersection of the locus of p with the diameter through 
O, and the Z PCA by 2¢, we have 


OP _ _ 2/R8 
pP=am u, nas =dnu, and k= RFS 
(b) Draw the elastic curve with the line of tension as the x-axis, 
Then its equation is yp=c*, where p is the radius of curvature at (©, y) 
and ¢ is a constant, 
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If OA=ea, AP=s, where O is the origin, A the point in which the 
axis of y cuts the curve, and P the point (+, y); then 


x ton =. 
a c 


(c) Take the quartic («* +y"*)(.*+b*y* )=a*, 
and let S denote the area bounded by the axis of x, the curve and 
the radius vector making an angle ¢ with the axis of z. Then, taking 


u for 
25 
a*’ 
we have 
=amu, ~ =cnu, Y =snu, a” =dnu, k= /1—b5*. 
$ : : = 1 


19. In my first lectare, I gave the addition theorem ;-- 


| a ee S| A 
f /(1—#* ilk’) =J i —t )(1—k*t*) 
o 


jie dt 
| wv (i—i ick") 
ae /(1—y* iey y Vaaka) 


then = — y 
Hence, denoting the three integrals by u+v, « ind o respectively, 
we have 


snu. cov. dnt.-+-ant. cnu. dnt, 


r a E ES ante) 


From this follow 


cnu. cnt— snw. Snt, dnu, dnv 


cn(s-+e)= 1—k'?sn*u sn*v j 


dnu. dnvw—k* snu. anv. cnu. cny 
ante t+e)= 1—k® sn'u sn?e na 


changing v into —v, and, remembering that an(—v)=—sh(v), en(—v) 
=ecn(v), dn(—v)=dn(v), we have 


snu cnt dne—snv cnu dnt 


sn(u—v) = $ 


w'th similar results for cn and dn, 
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20. As in the case of the circular functions, a large nomber of for- 
mulae may be deduced from the results given above. 
For example, 


sn(2u) = 2snu. Cnt. diti 


l1— k’ sn*u 


so(u+o) +en(u—u)= E 


snu +v). sn(u—v)= i an*“—sn*v 


— sn’u sn’v' 


: s “py Í 
1+en(u+v) cn(u—v)= ) pe irae n 





dn*n+dn'*o 
1—k* sn*u snîv' 


l+dn(u+v) dn(u—r)= 


anu. cow, dnv+snv. cnv. dnu 
1—k* sn? an'*e 


sn(u+v) cn(u+e)= 





21. In order to prove that the functions snu, cnu, dnu have each 
two periods, we may proceed as follows ;— 


(a) Let K stand for 


f dd 
o V1I—AK* sind ’ 


then sn K=1, cn K=0, dn K= /i—k’*. 





Now by the addition theorem 


snu. cnv. dny -+ sny. enn. dnu, 


sn (u+t)= 1—k* sn*u sn'v 


Therefore, putting v=K, we,have 


cnu dnu _ onu | 


sn(ut+K)=;_ pranu dnu ` 
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similarly 


__ y Snu n: 
cnfu+ K) =— K — and ante K) = esi 


k standing for +/1—k* . 


Also — =—an u, 


and, consequently, sn(u+4K)=sn u. 


Thus it is proved that 4K isa period of sn u ; similarly it can be 
proved that 4K and 2K sre respectively periods of on wand dn wu. 


2 
dg | 
(6) Let K’ stand for \ VILK aing ` Now, since 
0 


$ 
=| d$ 
— 6 
0 


becomes . 
y 
be — dý 
l €N Vick" sny 
0 


on putting sin ¢=# tan y, we have 
“u =e ms — — sní u, k') h 
an (>, k)=sin & —— es 


and, consequently, 


anim, 3. 


1 


on( de, k) —— Ki $ 
J 


duliu, ) ⸗ dn(u, X 
t 
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1 m on(K’, K) _ 
—— an(t K', k) úsn(K; E) 


. I 


TC) <A) tae 


Also sn (2¢ K’, k)=0, cn(2éK’,k)=—1, dn(2i K’, k)=—1. 
Therefore, applying the addition theorem, We have 

àn (u+2: K’)=aen wu, 

on (u+2iK’)=—en u, 

dn (u-+2i K')=—dn vu. 


Thas 2¢K’ is a period of sn u and 4: K’ is a period of both cn u and 
dn u. Also 2K+2rK’ is a period of on u, 


Therefore the following formulae hold, m and n being ane integers : 
an (u+4mK+2ni K’)=sn ts, 
on (u+4mK+2n K+iK')=ocn u, 
dn (u+2mK +4ntK)=—dn w. | 
22. The three functions become infinite at every point of the form 
t= 2mK + (2n + 1)iR’ ; 
the zeros of sn, cn and dn are respectively 


2mK +2niK’, (2m+1)K+2ntK! ad (2+1)K + (2n FIJE. 


23. I proceed now to expréss sn in terms of the €-function which I 
introduced to you in my first lecture, We have 


Orem paren | 


ee) — eter — ans 
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and {an'(u)}* =(1—sn*u)(1—-&* an* x) 
snis) 
as a=: SL | HS ap 
7 V(L—2")(1—kF 2") 
Now put a 
€ (*)-£ 


where a and § are two constants to be determined. 


Remembering that <(sn*u) =2sn u on u dn u, 


we have 2snu cnu dnu E-a xq te(”) }, 
ies, arg e(*) =—2snu cnu dnu (e(*) —B}*, 


wt — 


=4{@ ( *) —B—a*}{e(<) —B—K0} 


a(i) -A 
putting v fori = we have 
{@'(v) }* =4{€(v) —B—a"*} {C(v) —B—k*a* } {O(v) — A}. 
Denote the zeros of the right side by ¢,, ¢,, ¢, 80 that 
B+a't=e,, B+k*at*=e,, Bes. 


Then, since k* < lle, > 6p > és, 


and a =e, —6,, K’ — 
Now impose the conditions : 
e, te, te, =0, 
€,0, Hee, Here =m Hga 
öss “590 | 


then {@'(u)}* =40"(v) —9,8(1) —g,- 


ACI 1947G3 
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Thus sn*( ve, — 6,4) = —— E 
F le 


and, conversely, 


Clu) mes t ea) 


24. A large number of expressions for the elliptic fonctions were 
obtained by Abel and Jacobi in infinite series and infinite products. 


The following are a few of the most important of these expressions given 
by Jacobi. 


oO 
= = 2Qq* sin z Hi (— 29°" cos 2++q**) 


“Ti i 1 (1—2g**"? 000 Sags =) 


2q* cos x I (1+29** cos 2r+q*") 
ean Ke K aaka T —— 
s Ha- — 2g"! cos 224+q**~*) 
amj 
tl (1+29**-* cos 22+q9*"~*) 
ie e/a : 
4 tl (1l—2g*""" cos 22+4+g**~") 


where q stands for e` "E/E. 
(b) Denoting 


> a Gaes 2s +qg*"-*) by e( £=) (0) 


u (l—gee™*y8 


where @(0) is a constant, and 





Bgt sin» M (1—24** con Bet ge") n( 2K 


Jacobi expressed the elliptic functions sn cn, dn in terms of © and H 


— ay; — 


©.) 


) +90), 





dn u= 7 EE 2 


Gs 2400 
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In the above 


ao) — 
OK)" 


(c) Jacobi's trigonometric series for the elliptic functions sh, on, dn 
are 
s E 


Ed | — 


and two similar series; also 


o( =S)=1-2% coos 22+ 2q* cos 42—2q* cos 621+ e+e 
w J 


H( ==) =24" sin x—2q* sit TEEI ki siti 5e=2g* sin 724... 


25. Inaddition to the above two series which are generally denoted 
by @(r) and 8, (z), Jacobi introduced two more thete-ftnctions; e:., 


6,(z)=2q* cos z+2g* cos 31+- 
and 


6.(x)=1+29¢ cos 2r+2g* cos 42-4... 


The lectures of Jacobi on elliptic functions based on the theta-func- 
tions were written out by Borchardt in 1838 and mark not only a great 
progress in the theory of elliptic functions bat also prepare the way for 
the development of the theory of Abelian functions in particular and 
multiply-periodic functions in general. 

26. Although the Jacobian elliptic functions sn, en, dn are being, or 
have been, discarded in favour of the Weierstrassian €-function, the 
theta-fanctions still hold the field. According to Poincaré, the simpli- 
city of the development of these series, the rapidity of their conver- 
gence, the elegance of their propertiés dssure to them a place of impor- 
tance and from this place they cannot be dislodged, For the numerical 
calculation of the various other elliptic functions, the theta-functions 
are very useful. 





THIRD LECTURE. 


+ 
Tae Mopers Treory orp ELtirtie FONOTIONS. 


27. For a clear understanding of to-day's lecture and the neat 
lecture, the following definitions will be usefal :— 


(1) lf f (:+20)=f (z), then f (z) is called a periodic function and 
ANQ is a period of f (z), 

(2) Ifall the periods of a function can be represented as positive 
ov negative integral multiples of one and the same period 2w, then 
the function is called simply pertodio, and 2w is called the primitive 
period. 

(3) If a periodic function is not simply periodic and is not a cons- 
tant, then it can be shown that it is possible to find two periods 
2w, 2w, in an infinite number of ways, such that all the remaining 
periods can be expressed in terms of these by expressions of the form 
2mw+2nw', m and n being integral ; in this case the function is said to 
be doubly periodic and each system of two periods 2w, 2’ haying the 
aforesaid property is called a primitive pair of periods, 

(4) If, be any point, then by a period-parallelogram of a function, 
which has a primitive pair of periods 2w, 2w', is understood the 
parallelogram of which the vertices are zę, =, +2, Zo + 20+ 2v and 
Zo +2e); the totality of points given by :=:,+2tw+2t'w', where 
O<t<1, O0<?<1, constitute the points of the parallelogram. This 
parallelogram is called the period-parallelogram =,. 

(5) A doubly-periodic function which has no essential singularity 
is called an elliptic function. 

(6) By the order of an elliptic function is understood the number 
of the poles of the function inside a period-parallelogram, each 
pale being taken as many times as its multiplicity for this calcula- 
tion, 

‘28. The modern theory ofelliptio functions may be most easily ex» 
pounded hy starting from the following fundamental theorems of which 
the first was given by Jacobi in 1834 (Crelle's Journal, Vol. 13) and the 
rest by Liouville in 1847 (see Crelle’s Journal, Vol. 88). 

(I) The ratio of the periods in any primitive pair of periods of a 
doubly-periodic function js necessarily non-real, 

(II) An elliptic function which has no pole must be a constant, 
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(III) The sum of the residues of an elliptic function with respect to 
the poles, situated in a period-parallelogram, is zero. 

(IV) An elliptic function of order 1 is impossible. 

(V) An elliptic function of order n must have exactly n zeros in 
each period-parallelogram. 

(VI) In each period-parallelogram, the sum of the values of = for 
which an elliptic function f (z) is infinite is equal to, or differs by a 
period from, the sum of the values of z for which f (+) is zero. 

(VII) If two elliptic functions f (=), $ (2), having the same periods, 
have, in any period-paralellogram, the same poles, and further, if in the 
neighbourhood of each of these poles the infinite parts of their develop- 
ments are the same, then f (:)—¢ (z) must be a constant. 

(VIII) If two elliptic functions f (=), $ (=), having the same periods, 
have in any period-parallelogram the same zeros and the same poles 
(with the same multiplicities), then oo must be a constant, 

(IX) Between any two elliptic functions f (=), $ (£), having the same 
periods, there exists an algebraic relation 


G { f (=), $p (z)}=0, 


with constant co-efficients. 

(X) Between any elliptic function f (z) and its differential co-effi- 
cient f'(:), there exists an algebraic relation with constant oo-efficienta, 

(XI) Every doubly-periodic function can be expressed rationally in 
terms of a function of the second order, doubly-periodic with the same 
periods, and its differential co-efficients. 

29. After the introduction of elliptic functions in Mathematics by 
Abel and Jacobi, Liouville’s discovery of his theorems in the attempt to 
build up a complete theory of doubly-periodic functions starting from 
Jacobi's theorem (quoted above), was, according to Professor Mittag- 
Leffler, the first contribution of fandamental importance to the theory 
of elliptic functions. Liouville’s firat communication on the subject 
was made in 1844 (see Comptes Rendus, Vol. 19, p. 1261) but he never pub- 
lished a detailed account of his discovery except in the shape of a lecture 
which he delivered in 1847 before Borchardt and Joachimsthal and which 
was published by Borchardt in 1879 in Crelle’s Journal, Vol. 88. On 
account of the historical importance of Liouville’s theorems, I proceed 
to give the proofs of some of them :-— 


Proof of Theorem III. 
Take a period-parallelogram ABCD as indicated in the adjoined 


figure. 
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oe o 


— 
— 


Now by Cauchy’s theorem 


* | f («) dz 
ABCD 


is equal to the sum of the residues of f (s) inside ABCD. But 


| (z) ds= |; (z) dz+ {ro di+ fro aor |y (2) ds, 
ABCD AB BO ‘cD DA 


Now any point s in AB has corresponding to it a point s+2" in 
CD such that f (z) =f (<+2w’) ; therefore 


f; (z) d: + f; (14 =0, 


the two integrals being taken in the same sense, 
Similarly 


| (a) da + f (=) dz=0. 


ne 


Therefore the sum of the residues is zero. 

Hence also Theorem IV follows, for there cannot be a single pole of 
multiplicity unity. 

Proof of Theorom V. 

By a well-known theorem in the theory of functions of a eomplex 
variable, 


S$(a)—S$(b)= 5 jso HE de, 
© 


where f (a) is.a function having only non-essential singularities within 
C, @ (2) has no singularity within C, and the a's and b's are respectively 
4 
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the zeros and poles of f (s) within ©. Now apply this theorem ito the 


case $ («)=1 and the elliptic function f (z). Then to. is itself an 
E 


elliptic fanction. Hence by theorem mf ne dz:=0, C being a period- 
iz 
Cc 


parallelogram. Therefore, in C, the number of the zeros of f (z) ia equal 
to the number of the poles of f(e). 

Proof of Theorem VI, 

In the general theorem quoted above, put ¢(s)—:; then taking 
C as a period-parallelogram, it can be easily shown that the parts of 
the integral due to AB and CD together give 


. — 20 ES d: = 2m oo" 


where m, is an integer. Similarly the parts corresponding to BC 
and DA give 2m,. Thus the theorem is proved. 


Proofs of Theorems VII and VIII. 
In Theorem VII, since f(z)—¢(z) has no pole, by Theorem (II) it 


must be a constant. ) 


Similarly in Theorem vit, > having no pole must be s constant. 


30. Let us construct the simplest elliptic function with a given 
primitive pair of periods 2w, 2w. In each period-parallelogram this 
function must have a single pole of multiplicity 2, and let one of the 
poles be :=0. Then consider the double series: 


1 ` 1 1 
OF — [z> (mup 2n} mutnu)” i 


where S' indicates that the summation extends to all integral values 


of m, n with the exception of the combination 0,0, Now, at the outset, 
it is important to note that the double series ts absolutely convergent. 
For, - 


1 1 
{z—(2me+2nw)}* (mo +2nw)". 


eee a 
ús (2ma-+ 2nw')* Eis aora} J 





ye 
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which ‘or numerically large values of m and n behaves as 


2: 


(2mu+2nw)* ” 


since by Jacobi’s theorem 2mw+2nw' has an ever-increasing modulus 


for numerically large values of m and n. Also it is a well-known result 
that the double series 


1 ë 


= (ma+nb) : 


converges absolutely when @>2, a and b being any complex quantities 
having a non-real ratio to each other. Thus, as in the present case 
B is 3, the double series is absolutely convergent; let its sum be 
denoted by f(r). 


Now 


— 1 
TO=- Ern amot m : 


m and n having all possible integral values. Therefore it is obvious 
that f'(s+2w)=f'(z), because the series for f(z) will contain the same 
terms when :+2wis put for z, the order of the terms being different, 
and the series beiug absolutely convergent, change in the order of the 
terms will leave the sum unaltered. Therefore, integrating, J(2+2w) 
equals f(:)++a constant. But /(:) is even, since the series for f(z) and 
f(—z) are both absolutely convergent and contain the same terms 
arranged in different orders; and therefore /f(w)=f(—w). Hence 
the constant is zero and f(z+2w)=f(s), Similarly f(s+2w) 
equals f(z), Thus f(z) is an elliptic function with the given primitive 
pair of periods and a single pole of multiplicity 2 in each period- 
parallelogram. 

No other elliptic function differing from f(s) by other than a 
constant and still having the aforesaid properties, can exist. For, if 
possible, let another elliptic function be 


¢(z)= > +2 + P(z) 


in the neighbourhood of =o, where P(s)is a power series containing 
positive powers of z. Then by Lionville’s second theorem the residue 
C must be zero. Therefore, applying Theorem VII, we have fic)—(2) 
=constant. We will denote f(z) by @(2) _when the constant term is 
absent from P(<). 
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31. The above function was discovered by Weierstrass and is, as 
shown in the preceding article, the simplest elliptic function. It can 
be expanded in powers of z in the following manner: — 


In the series (A), 


1 1 
{s= (2mu -+ Znw')}* — 


1 2: 3z* 
* (2mea+ 2nw )* { LF (Smad nd) * mot 2nay? Fee 


Co M —— 
77 ogden) (2mw-+2nw )* 


Therefore 
1 ec 
e(2)=—— + = Gees *(r+1)2", 
= z= 1 


where G, stands for T'i Now, it is clear that G, will be 


sero when ris odd becanse m and n take all positive and negative 
integral values with the exception of the combination 0,0. Thus 
G,,, is O unless ris even. Therefore 


(B) €@(2)= * tot teost ... +6, Rp ad pee 
h (2x—1)5" - 
& = — — — 75. 
where N (Qmw +2ne')* 


From (B) we have 


g'(:)= — + 2e,5-+ 4c,2° + scasso 


Hence 
{@'(=)}* — See —160,+ positive powers of ¢; 
also 


{e()}*= 24+) +3c, + positive powers of +t. 





THE MODERN THEORY OF ELLIPTIC FUNCTIONS 20 


Therefore H) {B'(c)} *— 418 (c)}* +200, 8(c) ——28e,+ positive 
powers of z, 


Thus the elliptic function ¢{:) equals the finite quantity —28c, at 
z=0, but it cannot be infinite at any point other than s=0 in the period- 
parallelogram with s=0 as a vertex. Therefore (2) is finite every- 
where in the period-parallelogram and must consequently be a constant. 
Therefore for every value of z, ¢(s)=—28e,. Thus, denoting 20c, by 
g, and 28c, by ga, we have the differential equation for @(<«): 


(C) {(G’s)}*=4{€@(2)}*—g, 8(<)—g,. 


32 From (C), we deduce a recurrence formula for the co-efficienta 
Cy, Cy, ete., in the following manner :-— 


Differentiating (C), we haye 
2 @'e"=—12 e*e'—g,@ 
ne, €°=6E*—} g —68* —10¢, ; 
using in the above the expansion (B) for €, we have 
6 n 2n—4 
g $2.1.c,+4.5.c,2 +...(2n—2) (2n—3)c, £ i... 
eS ; 
=—100,+6{ +50, gets } 


ac 
=—10e,+6{ 5 +250, .2n -4 — 
2 rye 
rand s having each all the values 2, 3, 4,......t0o00. Therefore, equating 
— 
the co-efficients of Si , we have 


{(2x—2)(2n—3)—12} oy =6Sc,c,, n=4, 5, 6, .., 


rtsen 


The above can be put in the form 
(D) (5—3) (2x+1)o, =3 [eyeyig #estyig +-tey—2 Cs) 


“Calculating the c's with the help of (D) we get 


06m g0", =H caca = 75] S e+e," | > 
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Thus the c's can be expressed as rational integral functions of g, 
and g, in the form 


* 
C a Tay fi g, >» z z 


where the a's are numerical constants and À, « take all integral values 
subject to the condition 2A + 3p =x. 

33. <A function ¢ (s) is said to possess an algebraic addition theo- 
rem, if between $ (z, +z,), $ (2,) and @ (z,) an algebraic relation 
exists with co-efficients independent of s, and s. The exponential and 
circular functions possess such addition-theorems. i proceed to in- 
vestigate such a theorem for © (=). 

Consider the function $ (z) =8' (s:)—a @ (s)—6, where a andb are 
constants to be determined so that œ (z,) and œ (z,) vanish. Thus, 
denoting © (z,) and © (<,) by p7 and p, respectively, we have 


(1) ap, +b=p,’, 
(2) ap,+b=p,’ ; 


taram PE Pa . p= Pils Pry 
Pı ~Pa P. Ps 


Now ¢ (=) is an elliptic function which has a triple pole at s=0 and 
has no other pole in the period-parallelogram zę. Therefore, by 
Lionville’s Theorem (V), @ (=) has three zeros in the above parallelo- 
gram and by Liouville’s Theorem (V1) the sum of the zeros of $ (z) in 
the above parallelogram is zero, Therefore, as z}, 7, are known to be 
two of the zeros, the other zero must be —(z,+:2,). Therefore, deno- 
ting € (2, +z.) by pa and noting that @' is an odd function, we have 


(3) ap,+b=—p’,. 
Thus the equation £ 
@'*=4 €*—g, €—y,. 
taken with (1), (2) and (3), shows that the algebraic equation t 
4 t*—g,t—g,=(at+b)" 


a 


is satisfied by p, =% (31), Pa =B (2s), Py = VCE, +s). 
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Therefore 


(4) pitpatp, =% . 


Hence we have the addition-theorem 


(E) @ (¢,+2,)=—@(2,)—@(z,)+—> i | {Sede eye, 


Another form of the addition theorem can be obtained by eliminating 
a and b betwean the equations 


— 
Pi tp.t+p,= 7* 


PiP +PP +PP = FS. 


b* 
PiPsPs = —— 
and is 


(Pa Patpa) (ApipsPs—9s)=(PiPst+PsPst+PsPs +%)°. 


















FOURTH LECTURE. 


Tae Mopery THeory or Exvtreric Functions—(continued), 


. 34. Just as €(:) is the simplest elliptic function, the simplest 
‘fanction of s, which (1) bas the character of an integral function for 
all finite values of s, and (2) has for its zeros z=0 and all values of z, of 
the form 2mwo+4+2nw', is, according to Weierstrass's factor theorem, 


defined by the infinite product 


a 
= + in... * LJ 
z Il' p —— 








— 

_ where 0,,, stands for 2mw+2no' and in II’ all integral values of m, n, 
E Dore to he taken with the exception of the combination 0,0. It is also 
understood that the real part of Ž ig a quantity greater than zero. 

This function is Weierstrass’s o-fwnction, It can be easily proved 
‘that 


-9(0)=1, 0” (1)=0, o” (0)=0, a” (0)=0, o" (0)=—%, a° (0) =0, 








= a’ (0)=—6g,. 
Thus l 
T Je — Bf ,.c ees, . J 
7 > — 
X — the infinite product it is clear that æ (e) is an odd function. phe he 
_ Expressed in terms of o 7 (2), i i 
E P ene yn o’? (s es ale) i en — * 
— I aa dale dam — — i — 


— 


— 
ere 





Sagal 
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It should be noted that neither ¢ (=) nor ¢ (z) is a periodic function. 
In fact 


o(e+2.,. )=co(2) xe ** F 
and letan, a) =t, 
where =m}, +n, e= +1 or —1 according as 10,,,. is a period 
or not, 
M =E +20)— (=), ma =e + 2u) — X=), 
ie., 9, =20(w), 75 = 2X (w). 
35. Although o and ¢ are not periodic functions, each can be used 


to express any elliptic function, and the following theorems, (F), (G) 
hold, 


(F) Every elliptic function f(s) admits of being expressed in the 
form 


f(2)= Co(=z—b, )alzs—b,)...0(=—b,) 


a(z—a,)o(s—a,)...0(z—a,) 


where C is a constant, the b’s form a complete system of the zeros, and 
the a’s form a complete system of the poles, of the function f(:), and 
they are so chosen that 


b, +6, +...46,—a, +4, +...4+4, ; 


thus if the zeros 8 and the poles a of f (:) are assigned beforehand, we 
have to find points a, b homologous with a and 8 so that, although 


Sa—Sf=<a period, 
Sa—S)=0. 


2ols—w)o(s—w' )o(e—w") 


Brampler, — 


where — — w". 


(2) e— Etisi) . 


2z 


a*(s)- 


(3) @()=— 
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(G) Every elliptic function /(:) admits of being expressed in 
terms of { and its differential coefficients in the form 


fiz)=0+5 f Atiz- a) + A'l (e—a) HA" Cesa) 


t... p ATD g(+-12) ayt , 


where the summation extends over the diferent poles (ina period- 
parallelogram) of the fanction ; the constants A, A’, etc., correspond to 
the fractional part 


Bre ym BLAT — — (k—1)1A4*-)) 
s—a (<—a)® (s—ay ~~ (z—a)* 


of the function in the neighbourhood of a, and C is a constant. 


36. I proceed now to consider the expression of any elliptic func- 
tion f (=) by means of the @-function and its differential coefficient. 

First, suppose that f (z) is an even function. Let those of ita zeros 
which are not periods be 


+b, +period, +b, +period.,... 


and let H., #,, ete., be the respective orders of multiplicity, Also let 
+a,+period, +a,+period,...be those of the poles which are not 
periods, and let the respective orders of multiplicity be A,, Ag, ete. 
Then f (z) must be eqnal to 


m) =» CAB) —8(4,)}"*_{@(=)—€(0,}"* ... 


{@(z)—@(a,)}"* {@(:)—@a,)}** ... 


where C is a constant. For, denoting the above expression by ¢(z), we 
have f(=)/$(+), an elliptic function which, outside the periods, admits of 
neither a zero nor a pole. But a period cannot be both a zero and a pole. 
Therefore f(z)/¢‘z) lacks zeros or poles, and it must, therefore, be a 
constant. By giving a particular value to z, one can choose C so that 
the aforesaid constant is unity. 
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Secondly, let fiz) be not necessarily even. Then LE baitta, is 


even, and oe is also even; and, consequently, each is 
expressible in terms of the @-function as in (H). Therefore 

f(s) =R{G(s)} +€'(e) BR, {€(=)}, 
where R and R, are both rational functions. 


it should be noted that, as @(N<) is an even function, it is expressible 
as à rational function of @(2), N being any integer. 


_@*+49,07+29,8+509." 
Be. @(2z:)= de? =j t-g, é 


37. The expression for @(Nz) in terms of @(:) can be most easily 
obtained as follows :— 





The poles of @(Nz) are the origin and the (N*—1) points See, m and 
n having all possible integral values from 0 to N—1, the combination 
0,0 being excluded, If, therefore, we put =} or Oat +h, where A is 
very small, 


@(Nz)=@(NA)=—+__ +0,N*h* +... 





But, using the above, the theorem (G) gives 


@(Nz)=— we {4 s¢(-—Se- +const,. 


Ea. N'e(N:)=e(:)+=e( s— 2a) OST ole, (1) 


Consider the neighbourhood of the origin ; then the above gives 


aa Jee") = 0 
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Integrating (1) we have 
NE&(Ne)=¢(2)+ Se -—Fex )-cr4+0, n. 3) 


e 


whence, considering the neighbourhood of the origin, we have 


Now change s into s+ 2o in (3), then by the result given at the end of 
Art. 34, 


NE(Nz) +N, =U) +7, +E: Bee )tn3 


—C(z+2ea)+C 


=U) + Se t— oo ) +N*n, —C(<+2w)+C’. 


Therefore, expanding both the sides in powers of = and equating 


the coefficients of s, C must be zero, t.e., =e( 2 )=0. 


Thus N*@(Nz)=€(2)+ Se ( - — On a (I) 


38. Applying the addition theorem, the above becomes 


ece Sy ) 


-wo-e (3) 


Asse(?s a) =0 and as obviously the odd part in the above must be 
absent, the above becomes 





N*@(Nz)=@(2)+5 [ 7 
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N¥@(N2)=@(2)+5 [3 wore te (Cr) —€@(: )| (1) 


TE 


Now it is easily seen that 
G(s) +¢"" os) sfere )+ G(s ye ( Se e) +e( 2s “a) —19,} 


x $ @(z:)—€ ( og 











3 oe 
€*(:)+0()8 (22) +e" (P= )= fe) +20( 2a) } 
<$ e()—e( Tgrt +382 (Spe). 





Therefore (1) becomes 





ca aie ale) 
"Tee (Se) ( Api 


The multiplication theorems for ¢ and o functions are respectively 


N*@(N:)=€(s)+ ie 





N{(N2)=C(z) + Se pO) —N(N—1)n, 


and 


"Gs 
o (Nz)=No(s) — xe —N(N—1)y,- , 


where », is a constant. 


| Ba. @ (32) =@(2) + {28° + 9,8* +1078 + 2 9,8" + J9,9,8 


+9s° +a Jat} 


= {8e*— Š ,8°—3y, == gs) 
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39. Abel's problem of compler multiplication with reference to the 
@-function may bethnus enunciated,’ What particular conditions must 
be satisfied by the function and the number m in order that @(mz) may 
be expressible as a rational function of @(z) P? I proceed to answer the 
above question. 2 


If 2w, 2w' be a primitive pair of periods of @(m:), then, accord- 
ing to a well-known theorem, 


Dogme 200 4 She : — — , a, b, c and d being all 
m m m 
integers. Thus 
mo =aw+bw', mw’ =t% -+ dw" — (1) 


which equations are satisfied if b=0, c=0, asd, m being integral. If m 
is not integral, then eliminating m between the equations (1) we have 


bo'*§ + (a—d) w'w—e w* =0. 


Thus if m is not integral the necessary conditions for the represent- 
ability of @(m:) as a rational function of @ (s) are (1) that the ratio 


u must be a root of a quadratic equation with integral coefficients and 
ù 


1 In his memoir, “‘ Recherches sur les fonctions elliptiques" (Crelle's Journal, 
Vola. Zand 3, 1827, 1828), Abe! introduced the noticn of the complex multiplication of 


elliptic fanctions. Denoting the integral f — by and the lomniscate func- 
=a. 

tion by z=¢ (3), Abel gave the firat example (Oeuvres, t. 1, p. 354) of complex 

multiplication, viz., 


et(2+ ——— 


r= (iie A 


Ho worked out for the sn- function the cases of the multiplicators “—8, — 
(Oeuvres, t. 1, pp. 377-282). The subject of complex multiplication was doveloped 
subsequently, chiefly by Kronecker (soe Monatsberichte der Akademie der Wissens- 
chaften su Berlin, for 1857 and 1862), Hermite (Oeuvres, t. 2), H. Wobor (Lehrbuch 
der Algebra, Bd. 3, 1908) and R, Fuoter (Porlesungen ueber die singulāren Moduln 
und die Komplexe Multiplikation der elliptischen Funktionen, 1924). 

Among English writers on the subject may be mentioned Osyley, Greonbill and 
Russell, who published a number of papers in the Proceedings of the London 
Mathematical Society, Seriex1, 
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having imaginary roots, and (2) that m must be of the form a+b r, 
where + is that root of the aforesaid equation which has its imaginary 


part positive, a and b being integers. It can be proved without difficulty 
that, if it is known that the condition (1) is satisfied, an infinite num- 


ber of complex multiplicators mcan be found which must be of the 
form 


y+iaw”’D or ptis D, 


where D=A0O— B*, the known equation for r being 


Ar? +2Br+C—0, 


and æ, y, 2, y’ are integers. 


Be. Let r*+1=—0, then D=land m=y+i-;27 and y being any 
integers. For instance @(iz)=—-@(z). 
Ex. Let 2r*+2r+2=0; then D=3 and m= YtHEVS yy 


being any integers. For instance @(w:)—w€€({+), & being a cube root of 
unity. 


40. The proof of the statement made in the end of the above article 
is as follows :— 


Asthe roots are imaginary, AC—B*=D is positive. Therefore, 
without any loss of generality, we may assume that A, C are positive 
and that A, B, C are prime to one another. 


First, let A, 2B, C have for their greatest common measure unity. 
Now, for complex multiplication, it is necessary that 

Ar? +2Br+C=0 

should be equivalent to 

tr* + (a—d)r—c=—0, 

Therefore we must have 
b=A-, (a—d)=2Br, c= — Cz. 
Let 2y denote a+d, then we have 
a=y + Bz, b= Ax, c= —0Or, d=y— Bz, 
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Also the determinant ns=ad—be=y"? + Dz" ; and 
— VD 

A , 
maa+br=y+icrv D. 


Since A, 2B, C are prime to one another; in order that a, b,¢,d 
may be integers, « and y must be also integers. 

Secondly, let A, 2B, C have for their greatest common measure 2. 
Then z and y may be halves of integers «’, y’. 


Thus 








Also the determinant ad—be= ¥ +” 2° ; and 


m ej es td) 


In this case, A and O are even, B is odd and Dis of the form 4N—1, 
N being an integer. 


41. Let @ (cs) and @(<) be two elliptic functions, the periods of 
which are connected by the relations 


w, =aw, +bw,, w =cw, +dw,. 
where ad—bc=n. 
Their invariants J and J are connected by a modular equation 
F. (J, J)=0, 


and the different values of J furnished by this equation correspond to the 
different ways of determining a, b, c, d under the condition that ad—be 
should be n. 


If J is to be equal to J, then it is necessary and sufficient that we 
should have 


Op ) 


22 
u: 





whence 


m denoting a constgnt. We have, therefore, 
m w =a w, +bw,, me, —cw, tdw, ; 
and the function € (z) admits of complex multiplication. 


The equation 
F. (J, J)=0 


41 


resolves into rational factors, giving respectively the invariants J which 


correspond to the two types of complex multiplication, viz.. 


(1) those in which 
n=2* + Dy’, 


x, y being integers prime to each other ; 


(2) those in which 
4n=a@'* + Dy, 


x’, y' being odd’and prime to each other. 


42. We know that € (Ne) = 


where R and R, are both rational integral functions, 


Thus, putting s for Nz, we have 


or R (z) (x) =y, 


where y stands for G(s) and æ for e( =) . Itis obvious that the 


roots of the above algebraic equation in 2 are all given by 


a) z=¢( titin, * 


mand n being given all integral values, positive and negative. 


6 
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(a) If N is odd, all the possible values which (1) can take are 


obtained from 
+f)... 
e( —— ) 
N—F N+1 


mand n taking all the integral values from ———— to 


5 J includ- 





ing the extreme values. All these values of 


(=g) 


are different and they are N* in number. 
(b) If Niis even, all the possible values of (1) are obtained from 


s+)... « 
(=F) 
~ D ‘ | N-—-2,N 
m and-n being given all the integral values from — — to» both 


the extreme values being included. These values of 


N 
are all different and are N? in number, 
Thus the equation R, (z).y—R(#)=0 has N* different roots. Thoy 
are. all simple roots. For, otherwise, if æ were a multiple root, 
then R',(z)y—R'(z)=0. Thus RR',—R,R'=0, 


ia, a (2) m0 


Hence * will be independent of z and consequently y will bea 


1 
constant, independent of z, which is not the case, 


independently of z. 


43. Let —2D stand for the operator 


1 3 2 » O : 
295 Sot 5 Ja Boa,’ 
then the following partial differentia] equations hold :— 
D{€(:)}=— th) 8'(:)— 2 (2) +g. ai) 


D{E(=)} =C(=)@(=) +182) —yygye. vee (2) 
D{logo(+)} =—40"(=)+4€lo)—5 gz”. we (3) 
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The last equation gives 
ð e(z) ð olz) 2 ð a(z) 
— — 12 <i 2 ‘ = 
ðs l Ta Og. 3 os “pg, umes o(s)=0 (EK) 
The above equation was used by Weierstrass to obtain the coeffioi- 
ents in the expansion of (z) in powers of z. 


If we put 


—2*1 


E ta o Ga) arr 
(m, n=O, L2 uaes oo) 


then the following recurrence formula is obtained from (K) for the 
calculation of the a’s : 


An, .=3(m+1)a.,,, $=} +3(n+T1)a._,, *+1 
—}(2m+3n—1)(4m+6n—1)a,_,,.. 


To the coefficient a,,, the value 1 is to be attribnted, and to any 
coefficient of which one of the two subscripts is negative the value O is 
to be given. Weierstrass obtained the expansion of o upto the 35th 
power of z. 


44. T will conclude my exposition of the modern theory by proving 
the proposition that every elliptic function œiz) has an algebraic 
addition-theorem and by stating the converse of the proposition. 


Proof: 


It has been shown in Art, 36 that every elliptic function is expres- 
sible rationally in terms of € and 8'. Therefore 


f(z, +e, )=R{@(=, +2,), O(c, +25)}- we (1) 
Putting for brevity 
a(z, =p V(r) =p, Ael) =EPa Vl) EP" 
we have, according to the addition-theorem (E), 
€l, +:)=R,(Pi Pih Pa Pa’) iss CG) 


where R, denotes a rational function with coefficients independent of 
Ss and Eee 
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Differentiating (2) with respect to s,, we have 


ƏR 


etos e . P: + “Or, > aes J=R (Par P ss Poy Pa Ds (3) 


where for €"(=,) is substituted 6p,*— 3g, and R, is a rational func- 
tion with coefficients independent of s, and r,. 


Substituting the expression (2) and (3) in (1), we have 

$l, H) =R, (Pi; Pas Pi’ Fs’): vse (4) 
If we combine this equation with the four equations 

l =R(P Pih (2, )=R( py ps’), 

Pi? =47.°—9sPi— Ga» Pe *=4P 2° — GaP Jo» 


and eliminate the four quantities p,, p,’, p,', Ps, we obtain an algebraic 
equation of the form 


G{¢(:, +=:,), H:,), $(2,)}=—0 
in which the coefficients are independent of s, and z,. 


The converse of the above proposition is the following: Every 
function for which there exists an algebraic addition-theorem must be 
an elliptic function or a limiting case of one, that limiting case being 
the rational, the trigonometric or the exponential function respectively, 
according as both œ and w’ are infinite, w is infinite, or œ is infinite. 








FIFTH LECTURE 
APPLICATIONS OF ELLIPTIO Fuxotrons 


45, One of the earliest applications of elliptic functions was 
found in the exact solution of the problem of the simple pendulum. 
Starting with the well-known equation of motion 





d'0 ‘ 
l— =—g sin 6, 


wo have as its first integral 


dð 2g = 
— a/ 29. Jeon Cos a, 
which becomes 
a(¢ ft) == 
l 
E Ban lee 
a/ l— sin 5 sint z 
where x is given by 
. +. & « 
sing- =sin5— sin æ. 
Thus 





, el Sy serine 
9 


l—sin*5=sin* £ 


which, according to the definition of the sn-function, leads to 


sin z=sn( ' V k) 


where k stands for sin =: 


Therefore in =ken( ! MVE.) 
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and half the period, T, is given in terms of 2K by 


T n/@-=2K, 


Ee., T =2K Je, 


K standing for 


¥ 
* * de 
J a/ 1— sin” z sinte 
46. The solution of the problem of the spherical pendulum neces- 
sitates the use of the elliptic functions. This fact was known to 
Lagrange and the first treatment of the problem with the help of 
elliptic fanctions was given by Richelot in Crelle’s Journal in 1852. 
Taking the axis of z vertically upwards, we have, from the well- 
known two integrals of the equation of motion, giving respectively the 
area-theorem and the energy-theorem, 


T (death eS PS eee $ tjah 
a de ) =29(z,—=)(a s*)—h*. 


By Descartes’ Rule of signs, itis clear that the right-hand side when 
equated to zero gives real roots; infact two of them, 4, andz,, 
satisfy the inequality 

—as*, S157. 


Measuring £ from the moment when =: has the minimum value z,, 
we have 





= p+ e( +45: ), 


wherew, isthe imaginary, and w, the real, period of the @-fanction. The 
maximum is attained when f= > . The angle tant =g can be ex- 
pressed in terms of Weierstrass’s o,-fanction by the equation. 


b= Fog ileus) +eu,)), 


$ being measured from its position when f=0 and w,,u, are two con- 
stants. 
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47. The motion of arigid body under no forces was discussed by 


Legendre in his “ Traite des fonctions elliptiqnes,” Vol. 1, with the 
use of elliptic integrals. The equations of motion of Euler are 


APIR 
dg m 
dr — 
C == (A—B) pg, 


where A, B, C, are the principal moments of irertia and p, g, r, are the 
angular velocities with reference to the principal axes fixed in the body. 
The equations have obviously 


Ap’? + Bq? +Cr?=Dy,'*, 
A®p'+B'g?+C%r?=D*,? 


as two integrals, D and u being constants. Eliminating q and r between 
the first equation of Euler and the above two integrals, we have 


a? = — 


where a and @ are constants connected with A,B,C, D, p. Thus p isan 
elliptic function of t; similarly g andr are elliptic functions of £. 
In fact 


p =constant x cn(Àt), 
qg=constant x an(Af), 


r=constant x dn(A‘), 


where A as well as the modulus is expressible easily in terms of 
A, B, O, D. ». 


48. Elliptic functions occur in the solution of a number of famous 
problems of conformal representation ; of these some may be enumerated 
here ;— (a) The inside of the circle in the s-plane with «=0 as its centre 
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and radius unity is conformally representated on the outside of a 
square in the w-plane by the formula 


=| 1 — j 





g” 
1 
and thereby is solved the problem ofthe determination of the station- 
ary state of heat, of the inside plane bounded by the square, with pres- 
cribed boundary conditions. 


(6) The inside of an ellipse in the -plane with the foci u= +1, and 
vertices u= +a+ib is conformally represented on the inside of a circle 


in thes-plane with the centre s=0 and radius we by the formula, 
s=sn| —sin™* t f, 
T 


if the modulus k is determined by the equations 


=( ” 
— a+b 


af eg" )(149*) scene. * 
kaagt {te — 


(c) By means of elliptic integrals of the third kind, which contain 
the elliptic co-ordinates of a pointon the ellipsoid, the surface of an 
ellipsoid of three unequal axes can be conformally represented on a plane 
so that one half of the ellipsoidal surface, separated by tho ellipse going 
through its four circular points, corresponds to the inside of a rectangle 
the vertices of which correspond to the four circular points. 


49. Some problems in electrostatics have been easily solved with the 
help of elliptic functions. For example, taking ¢ to be the potential 
and Ņ the stream function, 

w+ ty 
sn (p+i)=e p 


gives the electrical distribution over a pile of parallel strips of width, 
zą— 2, the distance between the consecutive strips being +b, alternate 
strips being at the same potential. The potential of one set of plates is 
K, that of the other is —K, 7 
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Similarly we can deal with the case of a system of 2n plates arrang- 
ed radially and making equal angles with each other, the alternate 
plates being at the same potential, and the extremities of the plates 
lying on two co-axial right circular cylinders. 


50. The problem of the conduction of heat ina solid ellipsoid of 
three unequal axes a, b, c can be elegantly treated with the help of 
elliptic functions. Let A, u, v be the parameters of the three confocal 


conicoids through any point (r, y, <=). Also, denote by €, ĉĉ, €, res. 
pectively, 


ai +c*—2a*), x c* +a*—25"*), 3(a" +ò’ — 2e’), 
and introduce the co-ordinates u, v, w so that 
@(u)=—A+ x(a? +b*+c"), 
@(v)=—p+ F(a $b" +e ), 


€(w)=—v+ zla +b’ +e’), 


Then the operator Y * is equivalent to 





1 ar 
B(ce)—C(u)} {€(vc)—@(w)} Bo" 


F 
{@(w)—@(u)}{S(w)—@(e)} Bw" 


Therefore the equation of the stationary state of heat is 


{e{v)—€(w)} 





wee —@(u)} -2Y ETE 0° Yao: 
ðu’ + {@(w) e( )} -gor FS) te)} -gyz =; 
and has for a solution. 

V=F(u) F v) F(t) 


where F(s) satisfies the equation of Lame, viz., 


d'F ={A@(s)+B}F, 











50 THEORY OF ELLIPTIC FUNCTIONS 
A and B being constants. 
Similarly the equation of the non-stationary state of heat, viz, 
vwe — 
has for a solution V=F(u) F(v) F(w)eAE*t 


where A is any negative arbitrary constant and F(s) satisfies the 
differential equation 


=r ={A(€s)*+Bes+C}F, ; 





B and C being constants. 


51. I proceed now to explain some applications of elliptic functions 
to Pure Mathematics, taking up first the theory of equations of the 
fifth degree, discussing it at some length and contenting myself later 
with brief expositions of the applications to curves of the third and 
higher degrees. I will conclude with a treatment of the problem of 
the polygon of Poncelet. 

As is well-known, Abel proved in 1826 that the roots of an equation 
of the fi fth degree cannot in general be derived from its co-efficients by 
using radicals alone. But in the year 1858 both Hermite and Kronec- 
ker found the solution of the general quintie by the use of elliptic func- 
tions. I propose to state clearly what Hermite did, leaving aside the 
treatment of Kronecker for want of time. 

(1) The general equation of the fifth degree can be reduced to the 


form 
2*—,—A=0, 


by a substitution of which the co-efficients aredetermined by the ase of 
no other irrationalities than square and cube roots, This result is due 
to the Swedish mathematician, Bring, who gave itin 1786. Now, 
just as the general cubic, reduced to the form 


x*—32+2a=0, 


can be solved by representing the co-efficient a as sin-a,the roots being 


— .». at 2r . attr 
2 ——— 2 se re 2 — a 
the equation 2*—z—A=0 can be solved by expressing A in terms of 
elliptic functions, 
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(ii) If k be the modulus of the elliptic integral 


dx 
/(1—2* )\(1—k* x*) 


and } the modulus of the integral 


i 
M. Pia » 
f (A—y* Aty") 
which results from a transformation of the nth order 


Ao taz” taz t .. . -ba,z" 
batb, +t .. . Oe" 


y= 


where » is an odd prime; then u=k* and v=I* are connected by an 
equation of the (n-+-1)th degree called the modular equation. For n=5, 
the equation is, as stated in the first lecture, 


u’ —v? + 5u% ov? (u* —v*) +4 uv(l—u*o*) =—0, 


If u be expressed in terms of qee—*™/*, e.g., as follows : 


2m" + 
u= v 2g} =f [=¢ (o)) 
=1 
(m= —oo.., + oe) 
we obtain the (n+1) values of v, which satisfy the modular equation, 
on inserting, in the place of q? in the above formula, in order 


D r n5 — 1 — 


qř, Gary SQZFM, sssr, A gen, 


ri 
where a=e™ Thus, knowing u, we can obtain q and thereby the values 


of v. 


(iii) If g=e'** and u=ġ(w), then the six roots of the equation in 


—ġ(5w), e£). 238), 5. o( 22828 
q=). 
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Now construct the equation whose roots are 


tlw), P(o+16), P(w+2.16), 2(4 43. 16), &(w+4.16), 
where ?(w) stands for 


[ $(50 +¢( =) |[ o( 5) -e 6)] 


——— 


Then the equation will be 
y" —2*. Shut (1—nu*)*y—2* V5", uw (1—u")*(14+u")=0, 
Comparing this with the Bring form of the general quintic, 


2t—2z—A—0, 


we have, on putting 


o -aia l-u" 
— 


which is a biquadratic in k. 


(iv) To conclude, from A weobtain k and therefore q and w, Thus 
y is obtained in terms of ¢ and finally « ; the five values of x are 


— —A — — 
V2*.5* pla)y*(w) © V2.5% (upto) 


1 ®(w + 2.16) 1 (w +3.16) | 
29.55 ploy l) 424.55 7 plopt (u) 


1 P(o+416) 
vVar 5r ` b(w)y*(o) ` 








In the above Ų (w)=(k)* ,k'*+k° being equal to 1. 


52. The comparison of different expressions of one and the same 
transcendental by means of theta-series has given many theorems 
about the representation of integers by quadratic forms. For example, 
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Jacobi proved Fermat's theorem, that every integer admits of being 
expressed as the sum of four squares. If the integer be 4n+41 
where n is an odd integer, then Jacobi proved that the number 


of different ways of expressing it as the sum of four squares is exactly 
equal to the sum of the factors of n. 


53. The homogeneous co-ordinates ry, 75, ¢, of any curve of the 


nth degree and of deficiency unity admit of being expressed in terms 
of o-products in the form 


n n 
Z, ? Za ity = Ho(u—a,,): O o(u—a,,): N o(u—a 
ji - k=l is k=l id k=l t 3,k) 


of equal sums 3Sa,,,.=Sa,,,=Sa,,,, and also in terms of the 
@-function as in 
Rg, tco Blu) tci, SO (u) +... +0; .-.8'"~" Ct), 


where R is a proportionality-factor, the c's are constants and ¢ takes 
the values 1, 2, 3. 


In particular, if we take the triangle of reference to have a point of 
inflexion as one of its vertices and the opposite side as the harmonic 
polar of that vertex, then by suitably choosing the other two sides, we 
get the equation of the cubic in the forms 


a'a, =2,(2,—2,)(4,—K" £5) 


Bye, —S2, 9 — Get? a a T j 


and to the first equation corresponds the parametric representation 
Rz,=sn*u, Rz, =sn t, Re, =sn uv dn u and to the second the represen- 
tation 


Re, =1, Re, =@(u), R (x,) =@'(u). 


The use of elliptic functions helps greatly the study of the cubic 
curve, as bas been shewn by many investigators including Halphen 
and Harnack. 


If x+ty=sn (u+iv), then the curves 


=const, v=coonst, 
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form a system of bicircular quartics (see Sielvek’s paper in Urelle's 
Journal, Vols. 54 and 59); similarly the relation 


etiy—€8(4+iv) 


gives a system of Cartesian ovals (see Greenhill’s paper in Proc. L.M.S., 
Vol. 17, 1st series). 


54. An interesting geometrical application of elliptic functions is 
to the problem of the polygon of Poncelet, vr:., the problem of the 
determination, if possible, of a polygon which is at the same time 
inscribed in a conic and circumscribed to another conic. Poncelet 
showed that if, for two given conics and a given number as the number 
of the sides of the polygon, one polygon exists then there exists 
an infinite number. For the case when the conics are circles the 
problem was solved by Jacobi by means of the function am in 1828. 
(See Crelle’s Journal, Vol. 3). The general case has been treated by 
Wirtinger and Loria. 


55. I proceed to give Jacobi’s solution on account of its historical 
importance :-— 

(a) Let the two given circles have centres C, c and radii R, r, 
respectively, the circle c being inside the circle C. Also let a denote 
the distance Cc. Then if, from any point A on the circle C, a tangent 
is drawn to the circle c it will cut the circle © again in A’; in the 
same manner the tangent drawn from A’ will cut the circle C again in 
A”, etc. Thus AA’A"A”...will bea part of a polygon, or an unclosed 


polygon, which is inseribed in C and circumscribed round c. 


Join cand C and let c C cut the circle O again in P. Then, denoting 
ZACP by 2¢, ZA’'CP by 24’, 4A”"CP by 2¢”, etc., we have 


R cos (¢’—¢)+ a4 cos (¢'+4)=—r, 
R cos (¢"—¢') +a cos (¢"+¢')=r, 
R cos (¢°"—¢") +a cos (6 +g") =r, 


Hence 
(R+a) cos ¢’ cos $+(R—a) sin ¢' sin ¢=r, 


(R+a) cos $" cos ¢'+(R—a) sin ¢" sin ¢’=r, 
(R+a) cos $” cos 6” +(R—a) sin ¢” sin d’ =r, 


sae =s.. =... 
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Subtracting each of these equations from the following, we have 


cos $"—cos $ a Ba 
sind” —sing — — 








tan &', 


cos $" —eos $ __ R—a 


sin $” —sin dg +a — 





see 
s.» 


Now, from the addition theorems for the functions, sn, cn, it is 
easily seen that the above equations are satiafied, if 


g=am(u), ¢=am(ut+t), &”=am(u+2/),..., 
where —— ini 
iz 


the modulus k being given by 


4Ra 


=a 


(b) If the polygon of n sides covers the circumference i times 
before becoming closed so that 


pm =$+ Zin, 


then t= =, — (CAD 


where K, as usual denotes 


— g Way y 
0 


This equation is the necessary condition which must hold between 
R, r, a in order that a polygon of n sides may be inscribed in the circle 
C and circumscribed round the circle c. 


56. The condition, in order that a polygon of n sides may be 
inscribed in a conic S and be circumscribed round another conic S', is 
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easily expressible* as follows in terms of ¢,, £, €,, the roots of the 
equation obtained by equating the discriminant of £S+5' to 0:— 


() If the roots be all positive and in descending order of magnitude, 
then the condition is Z 


=f,.cn*® = , mod, A/ eo. f, 


(si) If one of the roots be negative, say £, and é,, < į, then for 
an even n the condition is 


¿ kt on" SE =¢,an* E , mod. Ezi. & i. És, 


if n is odd, then the condition fails. 
(iii) If the roots of the discriminating cubic are proportional to 


10 — gË 
jr e~ 


l, re 


then the required condition is 


4K 
n r sin 6 
T= » mod. cos 4 tan” —————_|, 
—E 1+r cos 6 


* See the paper of Rogers in Proc. L. M. S., Series 1, Vol. 16, 








SIXTH LECTURE 
3 
ABELIAN INTEGRALS AND ABELIAN FUNCTIONS. 


57. I propose to introduce you in this lecture to certain entities 


more transcendental than the elliptic integrals and elliptic functions. 


These higher transcendentals, as I may call them, came into existence 
in 1825* when Abel succeeded in generalizing Euler's addition-theorem, 


viz,— 





der 
If s= EN where ® isa polynomial of the 4th degree in 
6 


t, then y, can be always determined as an algebraic function of æ, 
and æ, so that 


tiz, )+-O(r,)—?(y, ). 


* The generalization of Euler's theorem was givon by Abel in his papor “Sar la 
oom n des fonctions transcendantes” which, although written in 1825, appeared 
after hie death. The hyperelliptic case was published in Crelle’s Journal, Vol. 3, in 
the paper ‘"Remarqnues sur quelques propriétés générales d'une sorte de fonctions 
transcendantes” in 1828, The complete investigation of Abel on this snbject is given 
in the memoir, “Sur uno propriété générale d'ane classe trés étendue de fonctions 
transcendantes”, which, although presented to the Academy of Sciences of Paris in 
1826, was published by it in ite memoirs as late as 1841. Although the importance of 
Abol'a generalization was recoznized by the mathematical world some years after 
Abol found it, Abel himself was folly conscious of the importance, as the following 
remarks from his memoir show. ‘'The transoendental fanctions considered by 
mathematicians op to now have been very few in number. The theory of transcen- 
dental fanctions redaces almost to the theory of circular, logarithmic and exponential 
functions which are at the base all one., Itis only in thelast few years that other 
fanctions have began to be considered, Among them, the olliptic transcondentals, 
whose remarkable and elegant properties have been developed by M. Legendre, 
oocapy tho first rank. The author has considered, in the memoir which ho haa 
the honour to present to the Academy, a very extensive clase of functions, oiz. all 
those of which tho derivative can be expressed by means of algebraic equations of 
which all the co-efficiente are rational functionsof one and the same variable, and he 
bos found for those functions properties analogous to those of logarithmic and elliptic 
fonctions”, An appreciation of Abel's generalization for the hyperelliptic case was 
published by Jacobi in his paper, “Considerationes genernles de transcendontibus 
Abelionia", in Crelle’s Journal, Vol, 9. Legendre called the theorem of Abel “monu- 
mentum aere perennius,” Enler, Lagrange and other previons writera had failed to 


generalize Euler's theorem, 
| 8 





A 
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“ 
For example, if (+) denote is Fees where ¢ isa poly» 


nomial of the fifth or sixth degree nnd the A's are constants, then, 
according to Abel's generalization, it is always possible to find two quan- 
tities y, and y, as algebraic functions of z,, «2, r,, so that 


p r) +D) +O) = O(y,)+0(y,). 
And, generally, if ®(2) denote 


f (As tA c+A,x* t.n Andr 

° Vels) R 
where @ (z) is a polynomial of the 2mth or (2m—1)th degree, it is 
always possible to find (m—1) quantities y,,y,,...ya-, 88 algebraic 
functions of the m given quantities «,, r,,...7., 50 that . 


Dx, thle.) +... + O(c, )=—Ply,) + Ole, )+...4+(y.-,)- 


The quantities y are the roots of an algebraic equation of the 
(m--1)th degree, in which each co-efficient is rationally expressible in 
terms of x., aream “O(2,), “b(7r,)000 VW H(4.)- 

58. The generalization of Enler’s theorem is called Abel's theorem 
and may be enunciated as follows :— 


Let y be the algebraic function of z given by an equationof the form 


y*+a,y*~*'+a,y"*~*+...+#a, =0, 


where @,, Gaes, G, are polynomials in v, and the left side of the 
equation is incapable of resolution into factors of the same rational 
form ; also let 8 (+, y) be any rational function of » and y. Then the 
sum of any number of similar integrals 


(z, Yı) (23:Y:) (faste) 
R(æ,y)d r+ RE )du+ ee R(+,y)d f 


with arbitrary lower limits, is expressible by rational functions of 
(ers Wy deoee( iar Yu), and logarithms of such rational functions, with the 
addition of the sum of a certain number, n, of integrals 


Bita) aia.) 
—] R (+, y)de—...—J Rs, yee , 
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' wherein c,,...¢, are values of z, determinable from +,, ,,...t., Y= AS the 
roots of an algebraic equation whose co-efficients are rational functions 
Of ay, Way'**Zay Ym, ON 4,,...8, are the corresponding valnes of y, of 
which any one, say «,, is determinable as a rational function of s, and 
ea, treet ee Vege — 


59. The integrals, considered in the preceding article are called 
Abelian integrals ; the special cases of these which we considered in Art. 
57 are called hyperelliptic integrals. 


Abelian integrals are of three kinds. If R(«,y) has only the 
branch-points as poles then the integral can always remain finite and 
we have the integral of the first kind. 1f R (z, y) has the point (+,, Yo) 
as a pole of higher order than the first, whose residue is zero, then 
the integral becomes infinite in (fa, Yo) as an algebraic fonction and is 
called an Abelian integral of the second kind. Finally, if R has a point 
(to, Vo) as a pole of the first order, then the integral becomes infinite in 
this point as the logarithm of an algebraic function and is called an 
integral of the third kind. 


Hyperelliptic integrals ara also of three kinds. The hyperelliptic 
integral 


J vee 


is said to be of the first kind if it does not become infinite at any point ; 
of the second kind if it becomes infinite only as an algebraic function ; 
and of the third kind if it becomes infinite only as a logarithm. 

A hyperelliptic integral is said to be of the (m—I1)th order if the 
degree of $ (x) is the (2m—1)th or 2mth. 

60. (1) With every Abelian integral are associated at least an even 
number, (say 2p) of constants, called the periodicity-modult of the in- 
tegral ; they possess the property that the difference of any two values 
which the integral can have is equal to the sum of integral multiples of 
its moduli. 

(2) Tho integrals of the first two kinds have only the aforesaid 2p 
moduli ; those of the third kind have in addition others which depend 
on the points of logarithmic infinities, če., if one goes round one of these 
pointa then the value of the integral increases by 2ri multiplied by an 
integral multiple of the residue corresponding to the point, i 

(3) Thesum ofthe residues of every integral of the third kind is 
zero. 
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(4) Every Abelian integral admits of being formed by a linegr — 


combination of integrals of the three kinds. 


(5) There exist p Abelian integrals of the first kind which are 
linearly independent of one another, if the Riemann’s surface used is 
irresolvable and of the genus p. i — 


(6) If the algebraic equation, whose root is y, is resolvable into k 
factors, then there are p—+1 linearly independent Abelian inte- 
grals. 


(7) The periodicity-moduli of an integral of the first kind cannot 
be all real or all imaginary. 


61. The problem of the reduction of hyperelliptic integrals to 


elliptic integrals first engaged the attention of Legendre, who, in the 
third part of his “ Trait des fonctions elliptiques,” shows how 


= 
dx 
| Vel 1—z*)(1—n* 2") 
0 


can be expressed as the sum of two elliptic integrals of the first kind 
whose amplitude is the same and whose moduli are complementary to 


each other. 


In Crelle's Journal, Vol. 8, 1832, Jacobi generalized the above result 
of Legendre and showed that 


y ila 
i v (1 —x)(1— kir) (l1 +kr)(i + As) 
0 


can also be expressed as the sum of two elliptic integrals of tho first 
kind whose amplitude is the same but whose moduli are not always 
complementary to each other ; if k and A are suitably chosen, the modu- 
li may be arbitrary. 

In his paper, “ Sur un exemple de reduction d’ integrales abelienes 
aux fonctions elliptiques" (Ann. Soc. Scient. Brurelles, 1876; Oeuvres, 
t. 3, pp. 249-261), Hermite gave another example of a reduction simi 
lar to Jacobi's. Itisthia: If 


ax=4s*—3ar, 3y(s*—a) =2s*—b, 


S* = (2*—a)(8:* —6a:+5), 
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i then we have 


feat Nas Ss ORES — — dy 
Baw oh are TTD een ee Te eee 


Koenigsberger has, in bis paper, "“ Rednktion altraelliptischer 
Integrale auf elliptische” (Crelle's Journal, Vol. 67, 1867) considered 
still more general cases and finds that there is a possibility of reduc- 
tion in the case ofja hyperelliptic integral, if the polynomial of the 
sixth degree under the radical sign, when equated to 0, furnishes three 
pair-points of an involution, 


In addition to the integrals 


dz sds 
— —— —— — ee 
V ttar tb to "| 2*4as*+b2"+e * 


which arè obviously reducible to elliptic integrals by the substitution 
«*=@, the two integrals 





dz —* 
— 
where 
4 
g—4b+ arr 


reduce to elliptic integrals by the substitutions 


— 3 partb ` 29 4 pr? 4 | 

ea a a 
respectively (see Bulletin de la Socidtd Mathemafique de France, t, XII). 
Examples : 


d= 
Venn a | ee 
are reducible to elliptic integrals when a and B have the same sign. 


62. It was again Legendre who first gave examples of the reduc- 
tion of Abelian integrals other than hyperelliptic integrals to elliptic 
integrals, Roethig has considered these carefully in his paper, “ Ueber 
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einige Gattungen elliptischer Integrale“ (Crelle’s Journal, Vol. 56). ` 


He shows (a) that 


f fird: 


(a+a,zr7+a,7*+a0,2" 3 g 


wherein y(r) is a rational fanction and m is any integer of the form 
3n+l or 3n+2, can always be reduced to elliptic integrals with the 
modulus 3 vf 2+ /3 , and (8) that the integral of the form 


, 


sip 


(a, taz ta, t" +4,2°+0,<*) 


\ Nejd 


wherein m is of the form 4n+1 or 4n+3, admits of being reduced to 
elliptic integrals with the modulus v$ . 


Briot and Bouquet have considered in their book, “ Théorie des fonc- 
tions elliptiques,” the question of the reduction of an Abelian integral, 
whose irrationality is given by a binomial equation, on the supposition 
that the upper limit of the integral is everywhere a single-valued fune- 
tion, and shown that only nine integrals have the property of reduc- 

ion; they are 





dz dr > s 
* z—a)*(z—b)* ` V{e—a) e- x—b)*(e—c)* P j ; 








dc 











ABRLIAN INTEGRALS AND ABELIAN FUNCTIONS 63 


a 
This question has been investigated also by Koenigsberger, Krazer, 
Weierstrass and many others. 
The following question has not yet been fully answered : 


What are the cases in which for a given Abelian integral 


J Kis, yjde 


there exists an algebraic substitution which changes this integral frito 
a new Abelian integral with a smaller number of periodicity-modali ? 

It can be shown that when the 2p periodicity-modnli of the given 
integral reduce to two distinct moduli, the integral can be reduced to 
an elliptic integral by a rational substitution. 


63. Denoting by p,q, R polynomials in +, Abel considered the 


following problem: “To find all the differentials of the form * 
where @ and R are polynomials in +, of which the integrals can be ex- 
pressed in the form 


log — 
-x 


The complete solution of this problem was given by Abel as 
follows : 

“When it is possible to find R corresponding to@, a given poly- 
nomial, such that 


Gde _ +R 
v pag y—~vVR’ . 


then the continued fraction for “Ris periodic and of the form 


— — 


+ Soe Oe SE es ie Wiens ‘acs 2 


and, conversely, when the continued fraction ofa given VR has this 

form then it is always possible to find a polynomial € for which 
s ede + WR 

Dy eg Seed Oe 
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>: The function y is given by 


o eT ee Ne Bs A 
| ut Ze t Seto Qe By 


Abel also proved the following theorem : Whenever an integral of 


the form * , where & and R are polynomials in æ, is expressible by 


logarithms, one can always express the integral in the form 





; Eder _ p+qvR 
— log p—q YR : 


where A isa constant, and p and gq are polynomials in æ, 

The question of the reduction of certain kinds of Abelian integrals 
to logarithms does not offer much difficulty. The following examples* 
may be regarded as illustrations ; 


— 


— J a eet, a 
— — log į (e— —— Sema E | ) 
—— > 


(1) 





x (r—a" — je" ? ` 


a being an imaginary cube root of unity. 








(2) f 3 — log l Po Vaip) — — 


x(a" a* /—p)*} : 





— — 6 —— — 
(3) fc — 3 lon f (e— Va*—p) (ra Vp 
x (x—a* Vz =p)" |. 


_ æ J. Dolbnia, ‘Sur les integrales peeudo-olliptiques qui dependent d'ane ritine 
ue d'an polynome du troisieme degré” (Bulletin des Sciences Mathematiques. 
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is expressible as a logarithm ; if 


da 
Gy aS eee 
SSS 


— is a commensurable part of a period of €, where 


Ja =0, 9,=—(b—c)*/3*(a—b)*(a—c)* and €(:,)=1/9 V(a—b)(a—c). 


64. Soon after the publication of Abel's theorem, Jacobi placed 
before himself the problem of introducing into Analysis the inverse- 
function of a hyperelliptic integral in the same manner as the elliptic 
functions had been introduced as inverse functions of elliptic integrals. 
But in his attempt to solve this problem, Jacobi had to face this serious. 
difficulty : asthe hyperelliptic integral possesses four or more periods, 
its inverse function must necessarily possess the same number of periods, 
but such an inverse function cannot be single-valued as a single-valued 
function cannot have more than two periods. This difficulty was over- 
come by Jacobi by his realizing that the inverse function, if considered 
as a function of p variables, may be single-valued and still have 2p in- 
dependent periods. 

The more general case of Abelian integrals, other than hyperellip- 
tic integrals, was not attempted for inversion before 1844 when Hermite 
wrote his memoir, “ Sur la the’orie des transcendantes a diffe'rentielles 
algobriques" (Comptes Rendus, t,18). 

65. (a) I proceed first to give in the words of Weierstrass* the 
definition of a particular case of an Abelian function, vis., a hyperelliptio 
function — 

“ The theorem of Abel on hyperelliptic integrals forms the founda- 


tion for the theory of n new class of analytical functions, which may for 
that reason be suitably called Abelian functions, and which may be 


defined as follows. 
Let R(r) denote A,(«—a, Ma—a,).. (2—a, ) , an integral 
function of æ of the (2p+1)th degree, in which it is assumed that of the 


quantities a,, @,,... Oot no two are equal although they otherwise 


“Theorie der Abelachon Fanctionen, (Cretle’s Journal, Bd, 52, 1850. pp. 2 
| > 
and 286)- i 


9 * 
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may take any real or imaginary values. Further, let u,, u,,@.. 
u, be p unrestrictedly variable quantities and between these and an 
equal number of quantities .,, Taroz, dependent on them let the follow- 


ing differential equations hold : 


1 P(z,) dz, 1 P(z,) dr, — 1 P(rp)? dys 





. da. = S38 1 E = —— — 
VR(s,) 2zp—a, VR), 
1 Pri) ) as, 1 Ples) dz, 1 P( +p) dip 
Same VRas) A T D,a, VR) 
EE, P(+,) dz, 1 P(«,) dry 
up 2 z, —a YR(x,) +3 Fa, VRC) — 
2 zp— üp vR (+, ) ; 


where P (x) stands for (x«—a,)(*—a,)...(«—a@, ) and it is understood 


that «,, Beene, take the values tij, ™,4, sent if the quantities té,, tipps.. 


e all vanish. Then z,, 7,...7, are to be considered as the roots of an 


equation of the form : 
af +P af!) P,e +...P, =0, 
where P,, P,,...P> denote single-valued analytical functions of u,, ttg... 


u, i whilst a second integral function of z of the (p—1)th degree 


oe eae +Q’? +.. +Q, ' 


whose co-efficients are also such functions of ty, ty,...u,, gives respec- 


tively the values 
SR(z,) V R(T?) VR(=,) 







when = is put equal to #,, Fart: 


_ After this, every expression, formed rationally and symmetrically out- 
ayo and /R(z,), “R(«,),. VR(>), is to be looked nyos: 
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as a single-valued function of u,, “,,...u,- In particular, however, it 
follows that the product 


) (a,—2,)(a,—#,).--(4,—#p ), 
where r denotes any one of the integers 1, 2,...294+-1, is the square of 


such a one. Accordingly, if one considers the quantities 


Vh, $ (a,), Vha $ (a)n hoo et P(ay, 44) 


as functions of u,, Cy yreele, s $z) standing for («—z,)(#—z,)...... 
(z, ) and h,, Ngy--shon il being constants; then, out of those quan- 


tities, cannot only the co-efficients of the equation whose roots are z,, 


Byrn, be formed easily but they (the quantities) are also marked, 


like the elliptic functions sin am t, cos am u, A am u, to which 
they arè reduced for p=l, and to which they are altogether 
analogous, by such a huge number of remarkable and fruit- 
ful properties that one is justified in giving them and a number of 
others, connected with them, by preference the name * Abelian func- 
tions" and is encouraged to make them the chief subject of consider- 
ation.” 
The general Abelian function may bedefined as follows ; 


Let u,, t,“ tép denote linearly independent Abelian integrals of the 
first kind and let 


Ulas f du,, (A=1, 2,...p); 


and further let S(z,, z,,...¢,) denote any rational and symmetric func- 
tion of £,,2,,.“,- Then the function 5 considered as expressed by 
means of the quantities U, is called an Abelian function of the argu- 
ments U, and is denoted by the symbol 


AUU,, U,,--.U,). 


66. The general Abelian function may also be defined as fol- 
lows :— 

A single-valued function /(v,, Us,...v,) of p variables v,, Ugre "r 
which has everywhere in the finite domain the charactor of a rational 
function, is called an Abelian function, if it is 2p-ply periodic, ie., 
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if there exist p linearly and integrally independent system of quam- 
tities 
(1) Wray We byree Wy ay (£=1, 2,...2p) 


so that 
Fie, tuii ts Hg hee Up Hp) ESU Varete). 


The p quantities w,,, ,4,...0,, are said to constitute a system of 
periods of the function f(v,, v,,...v,). 


If n,, %,5,...%,, are integers and 
(2) oo, = G⸗, 2,...p) 
then is also 
flv, #w,, Va +0,,...0, Fo, )—f(v,, Uy,.--U,). 


The quantity w, is, therefore, also a period of f(v,, Vs,.--Up) Or 
briefly f(v). 

An Abelian function has, therefore, infinitely many periods. But 
quantities @,,; admit of being so chosen that every period is represent- 
able in the form (2) with integral n's. Such a system of periods ,,, 
is called primitive. 

All Abelian functions which have the quantities »,,, as periods are 
said to form a class. 


67. The following are the principal properties of the Abelian 
functions: 

(1) The differential co-efficient of an Abelian function isan Abelian 
function of the same class. 


(2) Corresponding to each Abelian function f,(v) one can deter- 
mine p—l functions f,(v), f,(v),..-f,(v) of the same class, such that 
their functional determinant is not zero identically. The equations 


F,(e)=s,, falt) =ar fp) =E 


have then, if the s's are not specially chosen, only a finite number of 
incongruent solutions; this number, which may be denoted by m, is 
independent of the choice of the s's provided that they are not sin- 
gular. 
(3) If f(v) be any new function of the same class as the functions 
(v), fa (v)-»-f,(e), then it satisfies an algebraic equation of degree m, 
whosd eo-efficients are rational functions of f, (v), falt) Selt) 


- 


n `» 
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è (4) If the aforesaid equation of the mth degree is irreducible, then 
all the functions of the class admit of being expressed rationally by 
the p+1 functions f,(v), f,(v),...f,()- 

(5) Every Abelian function admits of being represented as the 
quotient of two integral transcendental functions, 


(6) An Abelian function is never an integral transcendental func- 
tion. 


(7) Every Abelian function possesses an algebraic addition-theo- 
rem, 


(8) Every Abelian function admits of being expressed rationally 
by means of p+1 suitable Abelian functions, particularly by means of 
an Abelian ‘function and its p differential co-efficients of the first 
order. 


(9) Between an Abelian function and its p differential co-efficients 
of the first order, there exists an algebraic relation. 


68. I proceed now to give you an idea of the explicit representa- 
tion of an Abelian function in terms of its arguments, by taking the 
very special case of a hyperelliptic function. 


(a) Let s denote 


V(z—c, \ia—e, )(a—e,)(e<—c, )( z—c,)(a—¢,) 


and let * 


xd» 





w, (z, naw =|”; w,(z, #)=e,= 


Then every hyperelliptic integral of the first kind can be expressed 
in terms of w, andw, by combining them linearly with constant co- 
efficients. Let the periodicity-moduli of w, be denoted by Aya, Ags 
and those of wa by Bis, Baas Then 
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a 1 C, l č, l a 
dw, =z As, dw,=—5Bs,, dw, =—7 Âs: k 
. cy Ca Cs 
t Ca 
dw,=——B,,, °’ 
Cs 
Further, let 
Al) à A,, Ay; 
Sty = Meg tal) , where | A | stands for the determinant A 
t-z As, Ass 





tM, =a; W, Harg Wy, Ug SG, W, +a, Wy |; 


Fray) B,.+4a,: B,.=T.11=0,,B, i +a,,B,,;. 


(6) Let a" = (v) dexote the theta-function of two variables 
ives. 


U4, Us, Viz., 


Ss se tie [r,, (2m,—h,)*+27r,, (2m,—h,)(2m,—hA,) +7, ,(2m,—h,)*] 
m, Ma 
x Cos Mi My 


i where 9,, 9a, 4,, 4, are integers, 
Om, =r(v,—ty, (2m, —h,) tr (vs— iga) (2m; —hs), 


and the summation extends to all integral values of m, and m, from 3 
—co to oo, 


Then the hyperelliptic function z can be expressed as an algebraic™ 
function of quotients of theta-functions, ¢.g., 


(2—c,)*(2—c,)*/(2—c, )*(z—0,)* 


= {0° *(u)}*I1'"*(c, —0p) "(oy —¢p)*/{O, (u) } °IL)" (0, — ep) (ca —ey)*, 






=. whas t, (ou —ey) * (e —c>)* is a product of factors of the form 


ka (eer Mey —¢,) 


ifp takes all the values from 1 to 6, excepting » and p's 
Fey kr : 
—— 
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* 69. The applications of the transcendentals, discussed by me in 
to-day's lecture, are varied and many ; but, for want of time, I shall 
content myself with giving only two applications, one to Dynamics and 
the other to Differential Geometry. 


(a) Consider a particle constrained to move on the ellipse 


—— — 
ent = 


with the axis of « vertical. Then the principle of vis viva gives 


v* =2g (h—zr), 
and, consequently, 


die tmi l O d ee 


ev 2y s 


where s denotes 


| — — 





Therefore the time occupied by the particle in moving from 2«=0 is 





1 N {1—e"(1—2)* Fae. 
“29 A 8 


a hyperelliptic integral of the second kind ; since, for large values of z, 


; l—e*(1—z)h _ A BS gi ge 
⸗ Ta tala EA 


and, therefore, the tmtegral behaves at r=co as “2, an algebraic 
(b) Weierstrass* has shown that the rectangular co-ordinates of 
the point on a geodesic line on an ellipsoid of three unequal axes can be 


expressed by means of hyperelliptic functions and that the length of © 


the line is expressible as a hy perelliptic integral of the second kind. 


- © Ueber die goodaetische Linien auf dem dreiaxigen Ellipsoid” Monatsberioht der 
Koeniglichen Akademie der Wissenschaften su Berlin, 1861)- = 


` 


-~ 
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APPENDIX A. A 
Expansions of o(z) and @(z) in powers of =z. 


l. As stated in the fourth lecture,* Weierstrass obtained the 
3 e 
expansion of g(s) up to :**; the co-efficients a.,,. are given below in 
tabular form — f 


gtrrarri m n 








+ 1506600 
+ 20019960 
+ 1416951 


= & he CO CO 


+ 162100440 
— 41848142 


+ 796330440 
— 376375410 
— 388946691 





i | fT A O — — 


+ 2388991320 
— 465716080 
— 6519779667 


— 144916218720 
— 210469286736 
+ 25514678881 





g*a 1 8 





© Gee Art. 43, pp. 42-43. 

} See H. A. Schwarz: “' Formeln und Lebraitze zum Gebrauche — — 
Eaa Taea n Yamen heparan 
— —— 2nd edition, Berlin, 1893), p. 7. 
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+ 2. In the third lecture, the recurrence formula for the coefficients 
¢, in the expansion 


e(=14+5 “ON aoe 
z 5 


has been given. 

By using this formula, Mr. Subodh Chandra Mitra has obtained the 
expansion of @(:) up to =*°, thus obtaining nine more terms of the 
expansion than had been obtained by any previous writer* The 
values of the various coefficients from c, up to c,, are given below :— 





=e f OEE _ Gs" — S94» 
“s=o55' gry) “soi gps °° os. 5.7.11 


ESA gs Js = Y 8 
s= { fart Hae} O aa TIT 


l Je 39,9. ? 
*7 (gss + 5072-111 ; 





SAP 29g Js 1 ; 
— — HII S’ 
25 79° MgJg" 7 
“10 37 Fort iecs at UL ATOSER j 
4 
P 389g $g, eet T R A 
ra “95 08° 3.548 1113.17.19 27.5.7*.11.13.17.19 
1 Ys" a i F a 
m= Ts 88 58 139.17 2*.7*.11*.1 * 17.19 
lig,* 
+ 957018919 J 


i i io iarstrasaian and Jacobian 
* gee Mitra's paper: ‘' On the expansions of the Weiers : 
elliptic functions in powers of the argument ' (Bulletin of the Calcutta Mathematical 


Society, Vol. 17, 1926, pp. 169-172). 5 
10 
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ee: eee | ee ee Pe Pe 
14 29 PAL ® 3.57 .13*.17 da 15° .7.11°.13*.17.19.23 


+ 647lg.9" 
2°.57.79.11.13".17.19.23 





¢,, A} _10400387,*9,_ 
e 81 (2**.39.5°.7.11.137.17.19.23 


S997019,"9." + Ga 
+ 9°.3.5*.7°.11°.13*.17.19.23 2°.5.79.137.19)” 


` 24539, ee 1006029 
1=35 296.35 5°. 137.177.29 © 2° 1.55,7°,11.18°. me D 23.29 


* 8105017929. ? 


21°0,55,7*.11.13°.17*.19.23.29 


498719, 
gie. 32 5°18". GEER ES AN 19. 23.29.31 


gj- 





1 427g, 304580887379, °g," aS 
= binaen 5e 1S I7 e35 711113717" 19 2AT. 


a o IE OI i 
+5058 *.7*.11* 13°.17* 3— BS 
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=} 3 556288997," gg 
Cig ~ 35 E 7 3*.5*.7.11.13.17* .19.23.29.31 


4298524339, "g 


+ 55-3 5"7*.11*.13.17*.19.28.29 31 






28712941q,? 


Ka 
ji *T1*.17".19.23.29.51 r. 





218 5S, 


3. In acommunication® to the Academy of Sciences of Berlin in 
1882, Weierstrass states, as already given in Schwarz’s ‘“ Formeln und 
Lehrsaetze," the values of the coefficients a,,, upto those for=**. Ina 
paper,| communicated to the Society of Sciences of Gosttingen, Hauss- 
ner attempted to express these coefficients independently as deter- 
minants. 

4. With reference to the function €@(-), attempts were made by a 
number of writers, including Hurwitz aud Herglotz Í to find a general 
expression for c by using which the values of the c's for all values of 


x can be written down, 


Hurwitz confines his investigation to the special case in which g, 
is zero and g,=4, and finds that 


2E, ⸗⸗ 
in ~ (4n—2)!’ 





tO=5 +2 


where the E's are certain numbers analogous to Bernoulli's numbers. 
Hurwitz fails to give a simple expression for E, from which all the 
E's can be easily calculated. But he shows that E, is of the form 


in 
1 '(2a)?- 
G.+7 hes 5 


* “Zur Theorie der clliptischen Functionen"’ (Siteungsberichte d. k. Preuss. 


Akademie d. Wissenschaften zu Berlin, 1882, p. 251) x: 
+ ‘' Ueber die Zahloncoefiicionten in den Weierstrase'achen, ¢-Reihen,” (Nach- 


, tingen, 1894). 
der k. Gesellschaft d. W issenachaften 20 Gœttingen, | | 
— wits, Gott, Nachrichten, 1897, pp- 273-275; Herglots, Leipziger Beriehte 
1922, pp- 269.280. 
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where G, isan undetermined odd integer, p denotes a prime number of ` 
the form 4k+1,a* is the odd square of the two squares in which p 
can be broken so that 


p=a* +5", : 
a is to be taken with such a sign that the congruence 
a=b+1 (mod. 4) 


holds, and lastly the summation for p extends to only those primes for 
which p—1 is a divisor of 4n. 





APPENDIX B 
THET# FUNCTIONS OF ONE OR MORE VARIABLES. 


L. In view of the fact that Jacobi built up a theory of elliptic 
functions, based on the four theta functions, defined in Art. 25 of my 
second lecture, it is desirable to introduce three functions, o,(:', o,(2). 
T(z), anologous to the function a(z), defined in the fourth lecture, so 
that the @-function may be expressed in terms of the theta functions, 


and consequently also the functions, sn, cn und dn may be expressed as 
in Art. 24 of my second lecture, 


(a) The four Weterstrassian sigma functions. In Art. 34 of the 
fourth lecture, the Weierstrassian sigma function o(s) was defined as 





o()=cr $ ( 1-5 j ala) } 


Oas " 
and in Art. 35 was given the relation 


@(r, )—O(e,) = — rea tee)oles 20) (1) 


o*(z,)o*(z4) * 


Now let ¢,(z), o,(2), 7,(s) stand respectively for 


int ofaw—z) (7, +72)? o(w+w'—z) 4727 ofa’—z) 
ee] Cs em “ote S 


Then, since 
G(w)=e,, 
(1) gives 


-— _ o(s+e)or(e—w) _ § g(s) 2” 
Se eters) tots) 5 


because, as stated on p. 33, 
Qas a 
AE EOT A E E 
so that 


o(s+0)=—o(r—w) x Sb 


molaso '\s 
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Similarly, it can be proved that 


— 6 * “fee eae s, (=) ie 


a(z) = olz) 


(b) Expression of the theta functions tn terms of the sigma functions. 
It can be easily proved that every integral function f(z) of = with the 
period w admits of being expanded in a convergent power series of 
the form 


anI 


Now, consider the function 


— — 
f(z)me 4 2 o(s). 


It is obviously an integral function as o(s) is an integral funstion ; 
further 


malt t 2o)? 5 wile+2e) 1, (940) 
f(z+2w)=—o(=)e tu 2a 


ee ad 

=al(sje 4% Qe = f(z) a EES 

Thus f(z) is an integral function with the period 2w. Therefore, 
according to the aforesaid theorem, 


fi) = s A.u** im Eee 


wis 
uae, 


But, in the same manner as (2) has been proved, it can be proved 
that : 
| e¥ 20!) = —u-*f(«). 
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ə Hence, using (3), we have 


— Z A.y ut *=f(2+20')= S Aug", 


where gmo 4 


Therefore, comparing the co-efficienta, 


Aspi 5—9 "A n, 
es, (—1)"** g— +O” al =(—1)" gH" A. 
Thus (—1)" q7. tP? Anisa constant, say 7 C. 
Therefore 
f()=1C = (=1)"g D" a". 
But 


rS (1) -Huri =, (v)* 


where u=eT™®, 
Thus it is proved that 


Cé,(ve)so(z)e ™ , 


2w 


where the constant C is:easily seen to be —~—_. 
6,"(0) 


Thus it is established that 
6, (v) =2{9* sin rv—9* sin Brv +g” sin Srv—...} 
ty =i z* 
= 28 (0) o * alz), 


where z=ľwv. 


“In the notation of Jacobi, used in Art. 25, this will be ®, (o). Similarly 
for @,, LT îs- 
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Similarly, it can be proved that 


yat 


6,(v)=2 = g+ cos(2n+1)rv=8,(0)e E la s 


_ 42" 


0, (v) =1l42 = a cos 2nav=6,(O0)e her Talt), 


s — 
6,(v)=14+2 S (—1)" q”™ cos 2nzv=6,(0)e *" o,(2). 


(c) Expressions for the €-function in terms of the theta functions. 
Using the above formulae and those given in the end of (a), we 


have 


1 6,(0) 4.(v) 
20 6,(90) @,(v) i 





“@(:)—e, = 


Pm 8 S(O) 6, (9) 
€(-) ia = a . 6, (0) n "REY ` 








tara 1 6,0) 6,(v) 
S= Be 6500) 8.) 


2, Mutual relations between the theta functions. The following rela- 
tions between the theta functions are easily deduced from the defini- 
tions :— 

(1) O5(v+-4)=9, (>), 6, (v+ 4) =6,(v),6, (v+ })=—0, (v), 
8, (v+4)=9,(e). 


(11) 6,(v+1)=8.,(»), 6, (v+1)=— 9, (v), êlo +1) =— 0, (v), 
6, (v +1) =0, (v), 


(111) 6,(v+4r)=iq7* e~°™"9 (v), 6,(v+4r)=ig* e7070, (v), 


Pett) =t — (v), 6,(vty=q? Pail (v), i 


> 
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AV) 0,04] =—9- aT 0o) 0, (otra i i o 
Os(vtr)æg te 7°" 0Co), 0,(v-+7)= glei 0 (v). 
(V) O,(v-+3+ 37) =g te", (0), 0, (0+ 4 +r) =q7 te? 0 o), 
6,(v+}+)7)= —ig~*e—°"6, 4-444) =iq7* aT te (wv), 


(VD O,(v+1+r)=—q7 TT 8,(v), 0, (vtl) =g eT? (v), 


| 


6,(v+1 +r) =—q7 l eT 6,(v), 6,(v+1+r)=g eT 0 (v). 
(VII) 6,(v-+m-+nr)=(-1)"g7™ e7 erig to), — 
6, (v--m+nr)=(—1)™F" g—™ 0 2"*™ o (v), 
6, (v-+m-+nr)=(—1) ™ g7" eo """9, (v), 
6,(v+m+nr)=q7™ e7? 6, (v); 


m and » being any integers. 


3. The zeroes of the theta functions, It is obvious from the expression 
for 6, (v) in terms of g (z) thatthe zeroes of the two are the same. 
But o (=) vanishes, when 


s=2.,,,=2mw+2riw’ , 
mand n being any integers from —oco to oo, 
Therefore 6, (v; vanishes when | 
2 cea ns Dis Sn 
t.¢., v=m-+nr. 


The zeroes of the other theta functions are obtained by using the 
above result and the relations given in the preceding article. 


For example, 1 


90 ( -6. (v) ; 
therefore 6,(v++}) vanishes when v=™ + ur, ién, Ô (y) vanishes when 
»sv=æmėnrt+}. 


ll 
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The zeroes of the various theta functions are given in tabular form 
as follows : 





Fonction y= ump 0 _ 
i 
a mnr J 
* a**4 —q** 
F 
a mt+nar+$+o | —g***1 
ê, m + nr + — l qrt 


4. Infinite produsts for the theta functions. Consider first 6,(v). Its 
zeroes are given by ; | 


Therefore, by Weierstrass’s factor-theorem, 
F(o) et {(L--g**-*u*)(1 +9?*~1u-*)} 


is an integral ‘function of y having the same zeroes as 6, (v). 
Also it is obvious from the above definition of F (v) that 


F(v+1)=F(v), F(e+r)=g7'u-* F(p). 


But, from the relations (II) and (LV) of Art. 2, it is clear that 6, (v) 
8. (v) - — 
F(o) is a doubly periodic 
function of v with the periods I and 7 but has no pole. Therefore it 
must be constant, say C. Thus it is proved that sifi 


behaves in the same manner. “Therefore 


0,(v)=0. 1 (1 +q"? u*)(B+q**-* u~") 


* . =O. “5 (14+@7**-" cos 2rv+q**~*), : y Pn 7 


, ve 
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. Consider 6,(v), According to (I) of Art. 2, 
— =0, (v-+4)=CM (1—g**-tut)(1—q** =u) 
=Onj(1—2q*-* cos 2rv+q*"~*). 
Similarly, 
6,(v)=O.g*(u+u-") mq — *u*)(1+9**u-*) 


220. q*cos TU Ti (1-+4-2g** cos 2rv-+q*") ; 
1 


0,(v)=Cq* a jo (1—g?*u*)(1—g?*u"*) 
=2Cq? sin wvl(l—2g** cos 2mo +g*"). 
1 


These results agree with those given under (6) on page 22. 


5. Expressions for the quantities ¢,, €s, €s, K, K in terma of the null 
values of the theta functions. (a) I will first prove that 


6 (0) =76, (0)8,(0)8,(0) (A) 
and then deduce that 


Vee, = 0a (0), Vees =70,*(0), Ver — e, =5-9,°\0). 


Proof of (A) :— 
From (c) of Art. 1, : 


1 @,{0) 6,(v) aa + Wig 
Vellu) e = G (0) . LACH -= ( ) 


-m 95(%) by Maclaurin’s theorem and remembering that 
Now expanding HO y 
it is an even function, we get 


Olo) _ a, (0) : v* — 
CGT to aS 
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Similarly, | . 





Substituting these values in (1), we have 


— — #" .(0) < 6" (0) 
vean [+ LE T] 


Squaring both the sides and noting that the expansion of €(2v) does 
not contain any term independent of v, we have by equating the constant 
terms 





1 E 6" (ay ace 6" .(0) 
4w’ 3 (o) @,(0) 











Similarly 
— 1 É 8." (0) 6.7.0) 
Pc SD O ES 
1 (16,"(0)_ 6,"(0) 
"s7 Fo’ E 6,’(0) ef 
But — 0, beg tey—0. 
Therefore 
— (0) 5 oa) 4 a (0) 
—89 HRS 


f i 
Now each @ satisfies 
| Ə Ol) a OOl) 
ref; Se — — 


—A _ 4, OOW) 
F ðv’ Ovôr 


=- 
o 
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+ Therefore, putting v=0 in the above + ant-aning the resnlt in (2), 
we have 





i .-8 A A 2s. GS 
6, (0) = 29, (0)= Ər 6, (0) 





Ý r 6, (0) 
l 'A l =a ð -0 


whence, by integrating both the sides, 
9, (0) = c0 (0)9, (0)8, (0), 


c being a constant. 
By making the substitution v=0 in the series for the 6's and 


comparing the co-eflicients of q? we have c=r. 
Thus the result (A) is established. 


(b) Since €(w)=e,, putting v=} in 
Veluw )—e, = 1 8,0) . 8a (v) ’ 
| *~ 20 0,(0) ®i(v) 


we have 


Verne, = l 101) | 90(4) 


~ 2o ð (0) KAES 





E0). 6,(0) 


8.(0) ` 6.(0)" by (1) of Art 2. 


— 
~~ Da 





Thus e,—¢, = -57 9(0), “by (A). 


Similarly, 
——— a <- 63(0), ve, — = zoh (0). 


(c) As proved in Art. 23 of the second lecture, 


pisin Semos 
EA sn( “ey—e, s) ; 





Y 
. ‘ -E IF 
©) 
L UIBRAAY 


p . 
— UBRARY 
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ee 
ae 5 


Therefore, using the results in the end of (b), we have 


ke (0) 0) 


65 (0) ° 
s e,—e, _ 63(0 
Also K — = FG j` 
(d) Since 
sn(K)=1, 
it follows from 
— 


¥@(z)—e, = —“1—+___, 
sn “e,—e, z) 


that 
w/e,—e,=—K, 

t.e., K= 5 6*,(0). 

Similarly, 

K! =w'i Ve, —¢,= 5 ir6,*(0) . 
(e) Hence 
T =- 
and, consequently, 
q=. "É. 


— — 


6. Ezpressions for the an, cn, dn functions in terms of the theta 
functions. 


From 


a = 1 6,0) 4, (wv) 
SO)" 5, hah 78.0) | 
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we have, by using the expression for sn(.7-,— ,—e@,2) given in Art. 23 ot 
the second lecture, 


so(/e,-e,:)= Ve, mes. Qw. ; 8 T i 


À 1 6,lo 
ie., | sn(2Ko)=—~— Arc À 


by using (A) and the expression for k given in (c) of Art. 5. 
Also 


VEe, 


cen ve, —6,:) = ‘ 
g()— es 


Therefore, substituting the expressions from (c) of Art. 2, we bave 


lala —8 — (v 
en(e, = BS s 





dn(2Kv)= vrO i 


7. Determination of q for given k; Hermite's functions. 
(a) From the results 








6, 0) 
Ai = 

— r s (0) ’ 

are obtained, by the inversion of the series, respectively 
; 31 ,, , 6257 
— kt k* +} * kt t-r ~ + sie Ahio 
and 
u 1 is 
l standing for leve S 2 


y 
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The latter series is so rapidly convergent that, if | L| + $, the errdr 
in taking the first two or three terms is numerically less than’ 


ls 1 is 
am ! or zg Et. 


It should be noticed that, althongh for a given kor kW, there are an 
infinite number of values for g, one valne is obtained by means of the 


series given above ; the other values are deduced by the linear trans- 
formation of theta functions. 


(b) Let 


be denotéd by ¢, then Kł and yt , considered as functions of t, are res- 
pectively Hermite's functions ¢{¢) and y (¢). 
The following results relating to and are obvious : 


po (t) + y(t) =I, 


¢(-+) =¥0, 


d 
It can be also proved that ¢ (SESE ) ana y (3) admit of 


being expressed simply in terms of A and v(t) 5 a, b,c, d being 
integers subject to the condition 


ad—be =1. 
8. Jacobi"s fundamental theorem. If - 
w=} (w+etyts), X=} (wt+e—-y—=), 
y=} (w—ez+y—:), =} (w—2—y+2), 
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‘ then 
O (w)O,(+)0,(y)O,( 2) +6, (w)O, (2)0,(y)0, (2) 


=6,(w')@, (2')65(y')6,(2") +86, (w )6,(2',6,(y')8,(2"). 
Proof : * 


Tipu n? Onwzi__ = atio q + 2nwzi 
0 (j= g" € =5 e eq 


— oo 
— (z log a+zi )"/log q- 
= e8 a = 6 
—æ 
Similarly, 
w*z? (=> log q + rzi ) hos q 


0, (e) ele 9 = e 
Therefore 
O, (w)0,(7)0,(y)0,(e)={e" > +a" FH" * 2D /loe ay 


x3 355l, 


7 ore 
n wn nn n 


8, (w)0, (2)8, (y),(s)= fer" +x%+y*+2*)/log a} 


xS SS 5B elle a. 


a mw ate 
nin n nm 


where 
Qn NE ( On’ \ fant , ay 


+ (=z log q +:mri J 


and 
2n+1 * 2n'+1 , A Ye 
r : è n1 s s 
+ (2 log q+ ym ) + = log g+s™ ) ' 


being integers all independent of ‘one another and taking 


wr P 
n n'n”, n 


all the values from—co to o9. 
12 
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As the factors of } log q in 5 are all even numbers and its factors ix 
T are all odd numbers, it follows that 


6, (w)6,(2)O,(y)0, (2) +8, (w)0,()6,(y)8, (2) 


={er (ur +ac*+y*+ =*)/log 1} - — »H/log 1 


where 
a . \2 b b c re Ne 
H= ($ log qtwni ) + (= log q teri ) 4 (<= log q+ymi ) 


4 (+ log q+ :ri y ‘ 


the sign S’ denoting that the summation is to extend to all possible 
- integers a, b, c, d, which are together even or together odd. 


Now it is not difficult to see that 5’ eHiloeg 4 remains unaltered if 
H= (S log q+ w'r y+ = log q+ rri y 


+ (Greate J+ ($ wasn) 
where 
a’ =}(a+b+c+d), '=}a+b—c—d), 
d=} (a—b+ce—d), d’=}(a—b—c+2e) ; 
for 
w'* 4-2/9 +y 4--'* =w’ +- x" +y’ + z7, 


and a’, b', c', d' run through all the possible systems of four even or 
four odd integers just as a, b, c, d, do. - 


Therefore 
6, (w)O, (+), (y) Oso) +9, (w )O,( )OR(y)O7(=) 
ght ic? A Ai +a'*+w0'F)ilog 4 x ⸗A /los q 
which equals - : * 
6, (w')O, (218, 1 y')8, (2) + 6, (w’ )O, C0" 8, Cy’ )G,( 0"). 
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» 9. Additlon theorems for the theta functions. There are altogether 
256 addition theorems which can be all deduced from the fondamental 


theorem. By giving special values to the variables, 36 formule can be 
deduced for 


6 (o#v,)@ (v—v,) and 6, (e+0,) 6,/v—v,), (a,8=0,1, 2, 3). 
Of these the following may be mentioned, ca, Cs, C, standing 6,(0), 
6,(0), 6,(9) respectively :— 
(VIII) c’ (uv, )0,(u—wv, 120, *(v) 05" (v )—8a (0), (0, ) 
=6,*{0)6,*(v,)—6,*(v)6,*(v, ) 
(IX) 0,°O,(v+04)0,(v—0, )= 05" (v0, * (1) 0s (0)0 (v) 
=0" (vy) —8,*(v)O, * (0). 
Putting v, =0, we have 
(X) ê,” 657(v) = cg 704" (0) +0479," (0), 
(X1) c,* 6,*(w)=c, 9,*(v)—c,*8, (0), 
(XII) ¢,76,7(v)=c,°8,*(v)—c,*8,*(v) 
(XIII) c,76,7(v) =, 76,"(v) +0,76,* (v). 
Hence, putting v=0, we have 
(XIV) ¢,*%°=6,* Fo’: 
(XV) co® tca Hast =2ACy Cat H Cot Cat — C0 “Cn *) 
(XVI) (oo Piat #65")? =2(C,** H0: He") 
ET a T T A. 


10. Theta functions of p variables. (a) By the theta function of p 
variables v,, v,,-.-v, and the given parameters Gi, =a). is understood 


the fdanetion 


ss a '@ 
Olta Vare Vyr) = — ⸗ ws — 


where 


p 
N=x(n)+2 =. a a ‘ 





92 THEORY OF ELLIPTIC FUNOTIONS 


x(n) standing for the quadratic form : ay 


Zama I =(a, n, +20, an, +...+-a, .n,") 


of the p variables and the summation = extending over all 
My, MyM, 


integral values of n, Mas., from —co to oo taken independently of 
one another. 


The }p(p+1) constants, a's, which are arbitrary except for certain 
conditions for the convergence of the series (1), are called the moduli 
or parameters of 60(y,, v,,...v,), frequently denoted for brevity by @(v). 


If a'a, denote the imaginary part of a,;, then the series (1) is 
convergent for all finite values of the p variables if, and only if, the 


quadratic form = anır is definite and positive; hence the 
=} 


conditions, referred to above, for the a's. When these conditions are 
satisfied, the series is absolutely convergent and 6(v) represents a 
function which is always finite and continuous for all finite values of 
the variables. 


(8) The function 6(v) has the following properties : 
(¢) It is an integral and transcendental function of the variables 


(it) O(v,, ETTET jit +1,...0,)=8(0,,..-0 jrs Up) 


(irt) Av, +411, Vs Fagin Up Hap) =u) T Ao, . 


(iv) Ari 06 _ Ə’0 (Re - | ee a*a 


ee 


Sas, Ov,’ Qa Ov Ov; 


The second and third equations may be combined in the statement 
that for integral values of h's and g's, 


Ölv, Aa Ve TEELT vy tu,)= (v+u) = 0v) e XI) mi Eg: 5 
where Wy, =h, +5 giaa ja 


By means of the first three properties the function is determined 
having a factor dependent on the a's; by the first four properties, it is 
determined having a factor independent even of the a's. 
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e The 2p systems of p quantities, 


1, 0, eee 0, Bry Aggy see Wey 
Ojak, 21.0, Beg. Gee cov Opa 
0; O55. an N PORREN T 


are each called a connected period system or briefly a period of the theta 
function. 


11. Characteristics; general theta function, (a) If ¢,,¢,, ... ¢, are 
any p quantities, then real quantities A,, A,, ... Aps Jas Gar -- J, Can be 
always so determined uniquely that 


Cy =h m + = JiGart- 
The system so determined is denoted by 
sue g 
[ — “a or briefly | | 
| hs, *** hy A 
and is called the period characteristic of the given quantities c,. 
(8) The general theta function is denoted by 


’ p rs. 5 g 
o ie i 4d (v,, vps.. Vp) OF briefly 6 [ | 
hy. Rui one hp A 


and is equal to 


Gv, +0, Vs wer, TA P inr 


where 
b=x(g)+2 E gi (v tha). 


The system [ x | is called the characteristic of this theta function, 
h - 
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(y) The general theta fanction has the following properties :— — 


(i) It is an integral transcendental function of v,, v 


(ie) of ow cesg WA Ay. cen Bp = vxꝛri 6 [ > Jo 


E el see V,- 


g 
(iii) O [ Je Faar Ug Osi, e Up tapa) 


=6(?] (w).¢ —wi(a, » +2e, + 2h.) 


(iv) 91o 


ða Ov" Ba: Öv Ove 


The second and third equations may be combined in the statement 


that 
6 E |e+o=*0 f: ] (wv), 


where, with integral gs and h’s, 





w=; + = T atias 
ý standing for 
—x(9)—2 S giv +2 S (Wig — 


By the first three properties, the function is determined having a 
factor dependent upon the parameters a,,; by the first four properties 
it is determined having a factor independent of the a's. 

(8) To each characteristic there corresponds a theta function. The 
characteristic is called even or odd according as the piso E See 
function is even or odd. 


The characteristic E] is even or odd according as the sum 3Sq,h, 


is even or odd. > 
By the sum of two or more characteristics is understood that charac- 
teristic whose elements are congruent (mod. 2) with the sums of 
homologous elements in each of the given characteristics. 
The theta function defined in Art. 10 corresponds to the character- 
istic 0; so that g=0, A=0. 
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e The number of even theta functions is 27%) (2*°+1) and the number 
of odd theta functions is 2*-* (2* —1), 


Thus for p=1 there are three even and one odd theta functions ; 
they are 6[9] (wv), 6[2] te). 6[3] (v), oli] (v) corresponding respectively 
to the functions 6,(v), 6, (v), 0 (v), 0, (v) of Art. 1. 


For p=2 there are 10 even and 6 odd theta functions ; they are 


(1) 6 PAGI E Jo 331]6. Lo] 
1,0 0,1 11 1,1 
oale rolo Le}: e Jo. 


0, 0 0, 0 
6 ee | (v); O ine J% 


all even and 


mol Joe Ly Jon o[ re Joos of! Jon 
6 Eh |m; e PTa 
all odd # 
=” The first few terms of some of these may be given here : 
0,0 
tL og] (0971 +P con 2e 0, +Q con 2e o, +n : 
ë DRA (o)=1—P cos 2e of +Qcos.2rr,+... , 


‘ ips | (c)=2-/P sin =v, +20V/P tem Ss sin (ro, +2ee,) 
1,0 


+e™ "nit gin (E) } + ony 
d * | (w) =2/PQ í of iais sine (ete) =e? mi ars 
| xein a(t, — 0,4) +... J. 


—— 
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12, Klein's sigma functions for p=2. Let 


olti = O (vis v,)e—X, (1) 


1 io 6., io — tO 
A i a Se eet BGs vy"), 


the sum extending over the 10 even theta functions, @ denoting the 


value of 6(v,, v,), 6, that of 849s.) ana 6 , that of O'O, vs) 
ð Vu az Vy Ə v 

all for v, =v, =0, and C being a constant which equals in the case of 

an even theta function its value @ for v, =v, =0 and in the caseof an odd 


theta function 5- 6, or = ÖP ps being snitable constants. The 
1 


functions o were introduced by Kleint and are called Klein’s hyper ellip- 
tic sigma functions for p=2. They are 16 in number, 10 even and 6 odd. 


These functions possess this advantage over the theta functions 
that, for any linear transformation of periods, one sigma function simply 
changes into another, whereas for the same transformation a theta 
function changes into another theta function multiplied by an exponen- 
tial factor. The sigma functions of Klein are generalizations of the 
four sigma functions of Weierstrass for the case of a single 
variable. The functions ofv,, v,) have been expanded in powers of v, 
and vý 


13. Representation of an Abelian function by means of theta or sigma 
functions. 


In Art. Gof the sixth lecture I gave the representation of a 
hyper-elliptic fanction x by means of the theta functions of two 
variables, w,, W, where 





¢ fn lectures delivered at the University of Göttingen from Summer 1887 to 
Sammer 1889. 
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* Generally, every single-valued function of p variables and 2 p periods 
having no essential singularity in the finite domain can be expressed 
rationally by means of suitably chosen theta fanctions. 


s 
For example, if 


6(vy—e,, Va — — 
be denoted by 6—), then the expression 
Nay p = — 
——A———— Soy 25 pat (2) 


6(v—C*)0(v—C*)...6(v—C?) 


isan Abelian function of the variables v,, v,,...v,; the constants 


A’, A*,...A’ , ©", C*,...C? being subject only to the condition that 
none of the theta functions in (2) identically vanishes for every point 
x, the p's being constants and r being given by 


J dv, =v,, (k=1, 2,...p). 
a 


The most general function of the co-ordinates of e admits of being 
expressed in terms of v , v,,...v, in the form (2). 


18 
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APPENDIX C. 


Notes, additions and corrections. 


The quotation is from Dr. Einar Hille’s translation in the 
Annals of Mathematics, Vol. 21, of Mittag-Leffler's” book, “ En 
Metod att Komma I Analytisk besittning af de Elliptiska 
Funktionerna " (Helsingfors, 1876). 


The problem of dividing the qtadrant of a letnitiscate 
into » equal parts engaged the attention of many eminent) 
mathematicians after Fagnane. Gauss and Abel proved that 
the division of thé lemniscate by means of ruler and compass 
is always possible when such & division,of the circle is 
possible. Thus, ifn is equal to 2'p,p,... , where each pis a 
distinct prime of the form — +1, Land ¢ being integers, the 
quadrant of the lemniscate can be divided by ruler and com- 
pass into n equal parts. See Abel's * Oeuvres,” t. 1, p. 361. 


Line 12, For “ standing " read “ standing.” 


Lines 6 and 7. Forthe words “An elliptic...a pseudo- 
elliptic integral’ read ** An elliptic integral which is expres- 
sible either as the logarithm of analgébraic function of the 
variable or as such a logarithm plus another algebraio func- 
tion of the variable is called a pseudo-elliptic integral." 

The first article should be numbered 13A and not 13, 


In the first line of Art. 25, substitute the word “ frequent- 
ly >” for “ generally.’ The Greek letter theta, in one form 
or another, is used to denote theta functions. The form 6 
used here is almost invariably found in French and Italian 
publications. For more information on theta functions, see 
Appendix B. 

Line 13. For ‘'g, " read 


+e — 
Line 8 For c read “cw.” 
Line 1. For “ Sielvek "’ read “ Siebeck.”’ 


Line 2. For“ 54” read 57." 
Line 15 of the foot-note— 


Fur “ began ” read “ begun.” 


* 
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Page 58. Line 11. For “@®(y,)+®(r,)” read " &(yz)+Oy,).” 


ents ~ 
Page 78. Line7. For "e = ) ” read 





Page 82. First column of the table, For * 1" 


Do. For“ 2" 

- Do. For “3” 

Page 83. Line 9. For “ 22” 
Page 90, Line 4. For “w,*" 

Page 91. Theorem (XI). For “o, ” 


7 Coeds * 


read “ 6," 
read “ @,"’ 
read “0,” 
read " 21.” 
read “ wt.” 


read “e,” 


| Page 95, Line 2 of the foot-note. For “ Q cos Zrv," read “ Q cos 2rv,,’ 


Page 96. Line 6. For “O v” 


tė 5: 
read“ ð v, 


